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Abstract 

We determine the geometry of supersymmetric heterotic string backgrounds 
for which all parallel spinors with respect to the connection V with torsion H, 
the NS03NS three-form field strength, are Killing. We find that there are two 
classes of such backgrounds, the null and the timelike. The Killing spinors of the 
null backgrounds have stability subgroups K tx R s in Spin(9, 1), for K = Spin(7), 
SU(4), Sp(2), SU(2) x SU{2) and {1}, and the Killing spinors of the timelike back- 
grounds have stability subgroups G2, SU(3), SU(2) and {1}. The former admit a 
single null V-parallel vector field while the latter admit a timelike and two, three, 
five and nine spacelike V-parallel vector fields, respectively. The spacetime of the 
null backgrounds is a Lorentzian two-parameter family of Riemannian manifolds 
B with skew-symmetric torsion. If the rotation of the null vector field vanishes, 
the holonomy of the connection with torsion of B is contained in K. The space- 
time of time-like backgrounds is a principal bundle P with fibre a Lorentzian Lie 
group and base space a suitable Riemannian manifold with skew-symmetric tor- 
sion. The principal bundle is equipped with a connection A which determines the 
non- horizontal part of the spacetime metric and of H. The curvature of A takes 
values in an appropriate Lie algebra constructed from that of K. In addition dH 
has only horizontal components and contains the Pontrjagin class of P. We have 
computed in all cases the Killing spinor bilinears, expressed the fluxes in terms 
of the geometry and determine the field equations that are implied by the Killing 
spinor equations. 



1 Introduction 



It has been known for some time that the geometry of supersymmetric heterotic string 
backgrounds resembles that of Riemannian manifolds that appear in the Berger clas- 
sification list and admit parallel spinors. This is because the gravitino Killing spinor 
equation is a parallel transport equation for a metric connection V with torsion given 
by the NS®NS three-form field strength H . Therefore the solutions of the gravitino 
Killing spinor equation are characterized by the holonomy of V, hol(V). This holonomy 
group is contained in the stability subgroup G of the parallel spinors in a suitable spin 
group. Berger classified the irreducible Riemannian manifolds using the holonomy of 
the Levi-Civita connection. Similarly, the holonomy of the Levi-Civita connection V of 
these Riemannian manifolds which in addition admit parallel spinors is again contained 
in the stability subgroup of the spinors. Because of this, it has been expected that there 
must be a relation between the holonomies of V that appear in supersymmetric heterotic 
string backgrounds and those of the Levi-Civita connection V of Berger irreducible Rie- 
mannian manifolds that admit parallel spinors as both are contained in the stability 
subgroups of the parallel spinors. It turns out that there is such a relation but there 
are also differences because the spacetime of supersymmetric heterotic backgrounds is 
a Lorentzian and not a Riemannian manifold. So the stability subgroups of the par- 
allel spinors are in Spin(n — 1, 1) instead of Spin(n) which is suitable for Riemannian 
manifolds. In addition, the heterotic string supergravity has two more Killing spinor 
equations associated with the dilatino and gaugino supersymmetry transformations. 

The geometry of manifolds that admit a metric connection with skew-symmetric 
torsion has been extensively investigated in the literature. Such geometries appear in 
the context of supersymmetric one- and two-dimensional sigma models, see e.g. QQ [21 USUI- 
They have also been explored as supersymmetric solutions of the common sector of type 
II theories and heterotic supergravity, and their properties have been examined using 
the Killing spinor bilinear forms, see e.g. [SI El El- Deformations of these geometries due 
to higher curvature corrections of the heterotic string have been investigated in e.g. [3JIB1 
EH E] • It has been recognized some time ago that these geometries with torsion are 
closely related to the standard geometries, like Kahler, Calabi-Yau and hyper-Kahler, 
see e.g. O EH UU UH UH UU UHj; and they have found applications in the geometry 
of black-hole moduli spaces [HE 1201 EE] More recently, these geometries with torsion 
have been studied using the Gray-Hervella classification techniques see e.g. (221 
I2U 123 I2H 121] ■ So far in the applications of these geometries in the context of ten- 
dimensional supergravity, it has been assumed that the spacetime is a product, R 9- ™' 1 x 
X n , and the non-trivial part of the geometry is that of the Riemannian manifold X n . 
We shall not make such an assumption and we shall find that the spacetime geometry 
of supersymmetric heterotic backgrounds is not always a product. 

In this paper, we shall use the method developed in [2H] to systematically investigate 
all possible geometries of supersymmetric heterotic string backgrounds. The parallel 
transport equation , Ve = 0, implies that 



where R is the curvature of V and takes values in spin(9, 1). If the Killing spinors e have 



Re = , 
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a non-trivial stability subgroup G in Spin(9, 1), G C Spin(9, 1), then the holonomy of 
V must be a subgroup of G, hol(V) C G. The Killing spinors are the singlets of G in 
the decomposition of the Majorana-Weyl representation A^ 6 of Spin(9, 1) under G. On 
the other hand if the stability subgroup is {1}, then the holonomy of V is the identity 
and 

R = 0. (1.2) 

Therefore either the Killing spinors are singlets of a proper subgroup of G C Spin(9, 1) 
or R = 0. In the former case, we shall give all the spinors which are singlets of a subgroup 
of Spin(9, 1). Some of these are related to the parallel spinors that exist on the manifolds 
that appear in the Berger classification list and have been presented in [21]. However 
in our case the stability subgroups are somewhat different because the spacetime is a 
Lorentzian manifold. In the latter case, the spacetime is parallelizable with respect to 
the V connection. Using this, we shall show that the spacetime is a Lorentzian metric 
Lie group and that V is a parallelizable connection. 

The investigation of the gaugino Killing spinor equations Fe = is similar to that 
of the curvature condition Re = 0. This is because the Clifford element F lies in the 
spin(9, 1) subspace of the Clifford algebra. If the spinors e that satisfy Fe = have 
a non-trivial stability subgroup G in Spin(9, 1), then the curvature F takes values in 
the Lie algebra g C spin{9, 1) of G. If the stability subgroup is {1}, then F = and 
the gauge connection is flat. In addition, the expression Fe for any spinor e can be 
read off from that for the gravitino Killing spinor equation, in particular from the part 
that contains the spin connection. Because of this, we shall not explore further the 
supersymmetry conditions that arise from the gaugino Killing spinor equation. 

The dilatino Killing spinor equation is somewhat different from the gravitino and 
gaugino Killing spinor equations. In particular, there is no understanding of the so- 
lutions of the dilatino Killing spinor equation in terms of Lie subalgebras of spin(9, 1) 
similar to the one presented above for the gravitino and gaugino Killing spinor equations. 
However it can be analyzed using representation theory. It is also known that there are 
backgrounds 1 with spinors which solve the gravitino but not the dilatino Killing spinor 
equation. Because of this, we shall restrict our attention to those backgrounds for which 
all the solutions of the gravitino Killing spinor equation are also solutions of the dilatino 
one, i.e. all V-parallel spinors are Killing. In the terminology of pTT] . these are the max- 
imally supersymmetric G-backgrounds, where G is the stability subgroup of the Killing 
spinors. 

It is convenient to characterize the supersymmetric heterotic string backgrounds in 
terms of the number of supersymmetries they admit, which we denote with N, and the 
stability subgroup of the Killing spinors G in Spin{9,l), [321 EH]- We shall show that 
the stability subgroups G of the Killing spinors are either compact groups K , G = K , 
for K = G 2 (N = 2),SU(3)(N = 4),SU(2)(N = 8),{1}(JV = 16) or G = K x R 8 , for 
K = Spin(7)(N = 1),SU(A)(N = 2),Sp(2)(N = 3),SU(2) x SU(2)(N = 4),{1}(JV = 
8), where iV denotes the number of supersymmetries. In the former case the stability 

1 Examples of such manifolds are Lorentzian metric groups for which all spinors are parallel with re- 
spect to the left-invariant connection but such backgrounds typically preserve 1 /2 of the supersymmetry 
because half of these spinors do not solve the dilatino Killing spinor equation. 
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subgroups G are those expected from the Berger classification list. The latter case has 
no Riemannian analogue and is due to the Lorentzian signature of spacetime but the 
subgroups K appear in the Berger classification list. The Killing spinors are chiral with 
respect to a suitable chirality projector of a Clifford algebra Cliff (M 8 ) C Cliff (M 9 ' 1 ). 

We shall show that the supersymmetric backgrounds for which the Killing spinors 
have a compact stability subgroup admit a time-like and at least two space-like parallel 
vector spinor bilinears 2 with respect to V. Because of this, we shall refer to them as 
time-like backgrounds. The commutator of the parallel vector fields does not necessarily 
vanish and the structure constants depend on the NS®NS three-form field strength H. 
If one imposes the condition that the algebra f) spanned by parallel vectors constructed 
from the spinor bilinears closes under Lie brackets, then the spacetime M for K ^ {1} 
is (locally) a principal bundle M = P(T~C, B, n) equipped with the connection A, where 
7i is a Lie group with Lie algebra f) and base space B which is the space of orbits of the 
parallel vector fields. The backgrounds with K — {1} are maximally supersymmetric 
and it has been shown in [33] that the spacetime is locally isometric to M 9,1 , H = and 
$ = const. The spacetime metric and torsion can be written as 

ds 2 = Vab X a X b + g h , 

H = ^ Vab A" A dX b + ^ Vab X a A T h + H h , (1.3) 

where g h and H h are the horizontal components of the metric and H, T is the curvature 
of the connection A and rj is a Lorentzian invariant metric on TC. The dilaton $ depends 
only on the coordinates of B. In addition 

dH = r] ab T a A T h + dH h . (1.4) 

Therefore dH contains a representative of the first Pontrjagin class of P. The Killing 
spinor equations impose restrictions on TC, T and the geometry of the base space B. 
The gravitino Killing spinor equation implies that the spacetime admits a TT-structure 
compatible with a metric connection with skew-symmetric torsion, hol(V) C K. There 
are three kinds of conditions that arise from the dilatino Killing spinor equation. One set 
of conditions imposes restrictions on the Lie group TC, another set of conditions suitably 
restricts the curvature T of the connection A, and the third set of conditions implies 
restrictions on the geometry of B. 

In particular, for K = G 2 , H has Lie algebra either s[(2, R) or u(l) © u(l) © u(l); for 
K = SU(3), TC is a four-dimensional Lorentzian Lie group but otherwise unrestricted; for 
K = SU(2), 7i is a six-dimensional Lorentzian metric Lie group but the dilatino Killing 
spinor equation imposes restrictions of its structure constants which we determine. 

The second set of conditions of the dilatino Killing spinor equation implies that the 
connection A is a 6 instanton, i.e. T takes values in the Lie algebra 6 of K. This is 
the case for all K apart from K = SU(3) and H, non-abelian, where JF satisfies the 
Donaldson conditions and takes values in su(3) © u(l). 

The base space B has dimension, dimf? = 7,6,4 for K = G 2 , 577(3), 577(2), re- 
spectively. In addition B admits a conformally balanced and integrable K-structure, 

2 Since the Killing spinors are parallel with respect to V, all the Killing spinor form bilinears a are 
also parallel with respect to V, Va = 0. 
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and a compatible metric connection V with skew-symmetric torsion H, H h = n*H, 

i.e. hoi (V) C K. This is the case for all K apart from K = SU (3) and H non-abelian, 
where B admits an SU C (3) = SU(3) Xz -R-structure, where R — U(l) or R — R and 
Z is a discrete group. The additional R twist is due to a one-dimensional represen- 
tation p of 7i and the associated line bundle L = P x p C. The conformally balanced 
structure is due to the fact that a Lee form of the ^-structure of B is related to the 
exterior derivative of the dilaton as consequence of the conditions that arise from the 
dilatino Killing spinor equation. An integrability of the TT-structure is also implied by 
the dilatino Killing spinor equations. This is suitably defined for all K. For example, 
if K = £77(3), then the associated almost complex structure is integrable and B is a 
complex manifold. Furthermore, if K = G2 and 7i is abelian, then dilatino Killing spinor 
equation also requires that d(p is orthogonal to *<p, where <p is a G 2 invariant form on 
B. In the non-abelian case, this is not the case and the inner product (dip, -kip) is related 
to the structure constants of Ti. In all the above cases, the NS® NS three-form H is 
determined by the form Killing spinor bilinears and the metric of the spacetime. In 
addition, the integrability conditions of the Killing spinor equations imply all the field 
equations provided that the Bianchi identities of H and F are satisfied. 

Similarly, we shall show that the backgrounds for which the Killing spinors have 
stability subgroup K x R s , for K = Spin(7)(N = 1),SU(A)(N = 2),Sp(2)(N = 
3), £77(2) x SU(2)(N = 4),{l}(iV = 8), admit a single null parallel one-form spinor 
bilinear k with respect to V. Because of this, we shall refer to them as null backgrounds. 
If one adapts coordinates with respect to the null Killing vector field X associated to k, 
X = d/du, then the metric and torsion can be written as 

ds 2 = 2e~e + + 5 ij e i I e :! jdy I dy J 

H = e + A de~ + (^H^ + A e* A e J + ^H ijk e l A e J A e k , (1.5) 

where k = e~ = (dv + mjdy 1 ) and e + = du + Vdv + rijdy 1 , and H l _^ denotes the 
component of in the subalgebra t of K and ^1 ^ denotes the component of 
in the complement of I in A 2 (M 8 ) = t © l L . The Killing spinor equations determine all 
components of the NS®NS flux H in terms of the form Killing spinor bilinears and the 
spacetime metric apart from the component In addition, they imply that dn = de~ 

takes values in 6© S IR 8 , where Q) s denotes semi-direct sum of Lie algebras. A consequence 
of this is that the null parallel vector field leaves invariant the K x Restructure of 
spacetime. 

In all null cases, the spacetime admits a codimension eight integrable foliation with 
leaves a manifold B. For generic backgrounds, B admits a 7^-structure which is not 

compatible with the induced metric connection V with torsion. However, if dn = 0, then 
B is a conformally balanced integrable manifold with a TT-structure and compatible 

connection V with torsion, i.e. hol(V) C K. The conformally balanced and integrability 
properties are consequences of the dilatino Killing spinor equations and are defined in 
a way similar to those of the space B in the timelike backgrounds we have mentioned 
above. We have also shown that the Killing spinor equations imply all field equations 
apart from the E component of the Einstein equations, the LH_a components of the 
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two-form gauge potential and the LF_ component of the field equations of the gauge 
connection provided that all the Bianchi identities are satisfied. 

We also apply our results to investigate some properties of the Killing spinor equa- 
tions of the common sector of type II supergravities. We find that the IIA and IIB 
common sectors should be treated separately because despite many similarities there are 
also differences. We mostly focus on the IIB common sector and investigate the super- 
symmetry conditions of backgrounds with two supersymmetries. We show that there are 
five distinct cases to examine described by the stability subgroups of the Killing spinors. 

This paper is organized as follows: In section two, we state the field and Killing spinor 
equations of heterotic supergravity and describe the integrability conditions of the latter. 
In section three, we find the stability subgroups G of spinors in Spin(9, 1) and give the 
G-invariant spinors (singlets) in the Majorana-Weyl representation A|" 6 of Spin(9, 1). In 
section four, we describe the parallel spinors and forms of supersymmetric backgrounds. 
We argue that there is always a basis up to a local Lorentz transformation such that 
the parallel spinors are constant. In section five, we determine the geometry of N — 1 
backgrounds. In section six, we give the geometry of N = 2 SU(4:) ix M 8 -backgrounds. 
In section seven, we describe the geometry of N = 2 (^-backgrounds. In section eight, 
we investigate the geometry of N = 3 backgrounds. In section nine, we determine the 
geometry of N = 4 SU(3)- and (SU(2) x SU(2)) k M 8 -backgrounds. In section ten, we 
describe the geometry of N = 8 SU(2)- and M 8 -backgrounds. In section eleven, we show 
that V-parallelizable backgrounds are Lorentzian metric Lie groups. In section twelve, 
we apply our results to examine the supersymmetric solutions of the common sector 
of type II supergravities. In section thirteen, we give our conclusions. In appendix A, 
we describe the spinors in terms of forms and compute the form spinor bilinears for all 
singlets of a subgroup G C Spin(9, 1) in A^ 6 . In appendix B, we present the linear 
systems associated with the Killing spinor equations of the heterotic supergravity. 



2 Fields and spinors 

2.1 Field and Killing spinor equations 

The bosonic fields of heterotic supergravity are the metric g, the NS®NS three-form 
field strength H, the dilaton scalar <3>, and the gauge connection A with curvature F. 
The field and Killing spinor equations of the heterotic string receive string a' corrections 
which can be computed either from a sigma model beta function or from string amplitude 
calculations. The field equations in the string frame to lowest order in a' are 

Emn = Rmn — ~HpqmH pq jv + 2Vm9n& = , 

LH PQ = V M {e- 2 *H M PQ ) = 0, 

L$ = V 2 $ - 2g MN d M <S>d N ® + ±H MNR H MNR = 0, 

LF N = V M (e- 2 *F MiV ) = 0, (2.1) 

where V is the Levi-Civita connection of the metric g. The field equation for the dilaton 
is implied from those of the metric and two-form gauge potential B associated with H, 
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H = dB, up to a constant. The Killing spinor equations are 

Ve = 



T M d M $ - ^T MNP H MNP )e = 0, 

F MN Y MN e = 0, (2.2) 



where V = V + \H, V M e = d M e + \n MAB T AB e, 

V N Y M = V N Y M + \h m nr Y r , (2.3) 

and e is a Majorana-Weyl spinor of positive chirality, i.e. e is described by forms of even 
degree. In what follows, we shall denote the spin connection of the V covariant derivative 
with Cl. 



2.2 Integrability conditions 

It is well-known that some of the field equations of supersymmetric backgrounds can be 
implied by the Killing spinor equations. To find which field equations are implied, one 
has to investigate the integrability conditions of the Killing spinor equations. In the case 
of heterotic supergravity, these integrability conditions are, see also [35] . 

[VAf,VAr]e = -R MNtAB T AB e = , 
[V M ,F RS T RS }e = 0, 

[v M ,d N <s>r N -±H NPQ r Np Q]e = o, 
iF RS r RS ,d N <s>r N -±H NPQ r NP % = o. (2.4) 

Multiplying the first expression above with T N , using appropriately the remaining inte- 
grability conditions and the identity 

g MN d M $d N <f>e - l~ A H MNR H MNR e-\d M ®H M ST Y ST e 

+ ^H s MN H SPQ T MNP ^ = 0, (2.5) 
lb 

one finds that 

Rma,bcF A T bc e = — 2EmnF N £ — e 2 ® LH M n~F N t — -BH M abc^ ABC '£ = , 

o 

L®e-\e™LH MN T MN e-±-BH MNPQ r MNp Qe = 0, 

4 4<3 

l -BF MNP T MNP e + 2e 2q, LF N T N e = 0,(2.6) 

where BHmnpq — 4(c?i7) mnpq and BF MNR = 3V[m-FVr]- To the order of a' that we 
have stated the field equations above, the Bianchi identity of H implies that BH = 
dH = 0. However, if the heterotic string anomaly is included and so schematically, 
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BH ~ a'(trR 2 — trF 2 ) + 0(a' 2 ), then, for consistency, one has to include the two-loop 
correction to the field equations CHj • 

A remarkable property of (|2.fi|) is that if one imposes the Bianchi identities of H 
and F, BH = and BF = 0, respectively, then the remaining equations are up to 
quadratic order in gamma matrices. As a result, it is straightforward to construct the 
linear systems associated with the integrability conditions from that of the Killing spinor 
equations. These linear systems are similar to those investigated in the context of M- 
theory and IIB supergravity in [3*T] . 

3 Stability subgroup of spinors in Spin(9, 1) 

As we have mentioned in the introduction, the Killing spinors of super symmetric back- 
grounds with R ^ are singlets of the holonomy group hol(V) of V. In addition, the 
holonomy group in every case is a subgroup of the stability subgroup of the Killing 
spinors in Spin(9, 1). Therefore, we have to determine all the spinor singlets of the sub- 
groups 3 of Spin(9,l). This analysis closely resembles that of determining the parallel 
spinors of manifolds with special holonomy which has been presented in j2H]- However, 
there are some differences that arise because the spacetime is a Lorentzian manifold. 

3.1 One spinor 

There is one type of orbit of Spin(9, 1) with stability subgroup Spin(7) k R 8 in A+ . 
The proof of this has been given in but we shall repeat the steps here because they 
are useful for determining the stability subgroups of more than one spinor. Consider the 
spinor 

l + ei 234 . (3.1) 

The stability subgroup of this spinor in Spin(9, 1) is Spin(7) x R 8 as it can be seen by 
solving the infinitesimal invariance equation 

\abT ab (1 + e 1234 ) = , (3.2) 

where A parameterizes the spinor transformations. This computation is most easily done 
in the pseudo-Hermit ian basis that we have given in ()A.9j) . It is easy to see that the 
above condition implies that the parameters are restricted as 

^af3 — 7faf & ^~f& ) ^a(39 a ^ = A-+ = = A+a = , (3.3) 

where £1234 = 1. Observe that the parameters A_ Q and A_ a are complex conjugate to 
each other but otherwise unconstrained. The group that leaves invariant 1 + ei234 has 
Lie algebra spin(7) Q) s M. 8 and so find that the stability subgroup is Spin(7) K R 8 . 

3 We only consider connected subgroups of Spin(9, 1) as stability subgroups for spinors and our 
computations are restricted on the Lie algebra level. However spinors can admit disconnected stability 
subgroups and these are applicable to non-simply connected manifolds |36l I37| . 
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Having established this, we decompose A+ 6 under the stability subgroup Spin(7) as 

A+ =M<l + e 123 4 >+A 1 (M 7 )+A 8 , (3.4) 

where the singlet M. is generated by 1 + e 12 34, A^IR 7 ) is the vector representation of 
Spin(7) which is spanned by the spinors associated with two- forms in the directions 
ei, . . . , e4 and i(l — 61234), and Ag is the spin representation of Spin{7) which is spanned 
by the rest of spinors which are of the type T + i], r\ is a spinor generated by the odd forms 
in the directions ei, . . . , e 4 . Therefore the most general spinor in A^ can be written as 

77 = a(l + e 1234 ) + 0i + 2 , (3.5) 

where 9 1 G A 1 (M 7 ) and 9 2 £ A 8 . First we assume that a 7^ 0. In this case, there are two 
cases to consider depending on whether 9 2 vanishes or not. If 9 2 = 0, since 5pm (7) acts 
with the vector representation on A^M 7 ), it is always possible to choose 9± = ib(l — 61234). 
The most general spinor in this case then is 

r] = a(l + e 12U ) + ib(l - e 12U ) . (3.6) 

However, it is easy to see that this spinor is in the same orbit as 1 + ei 2 34, e.g. observe 
that 

r] = he^(l + e 1234 ) , (3.7) 

where h 2 = a 2 +b 2 and tan^ = b/a. Next suppose that 9 2 does not vanish. If 9 2 7^ 0, there 
is always a Spin(7) transformation such that 9 2 = cr + (ei + e 2 34). This is because Spin(7) 
acts transitively on the S 7 in Ag and the stability subgroup is G 2 , Spin(7)/G 2 = S 7 . In 
addition G 2 acts transitively on the S 6 in A 1 (M 7 ) with stability subgroup 577(3). So it 
can always be arranged such that 9\ = ib(l — 61234). Therefore the most general spinor 
in this case is 

7] = a(l + 61234) + ib(l - e 12U ) + cr + (ei + e 23 4) • (3.8) 
However observe that this spinor is in the same orbit of Spin(9, 1) as 1 + ei 2 34- Indeed 

rj = e £ r - r6 et r+rl a(l + e 1234 ) . (3.9) 

So, we find that if a 7^ 0, then there is one orbit represented by a(l + 61234). It remains 
to investigate the case where a = 0. In this case, it is straightforward to see that the 
orbit can always be represented by cT + (ei + 6234). In turn this spinor is in the same 
orbit of Spin(9, 1) as -^(l + e 1234 ) as it can seen by acting on the latter with the element 
T^Ti of Spin(9, 1). As a consequence, the stability subgroup of cT + (ei + 6234) is again 
Spin(7) K M 8 . Therefore, there is only one type of orbit of Spin(9, 1) in A^g which can 
be represented with a(l + e 1234 ). To conclude, the Killing spinor of backgrounds with 
one supersymmetry can be chosen, up to a Lorentz rotation for the fluxes, such that 

e = /(l + ei234) , (3.10) 

where / a spacetime function. 
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3.2 Two spinors 



There are two types of N = 2 backgrounds distinguished by the stability subgroup of 
the Killing spinors. To see this, we choose the first spinor to be e\ = ai(l + 61234) with 
stability subgroup Spin{7) tx R 8 . Then we decompose A^ 6 as in (|3.4jl . 

One option is to take the second Killing spinor e 2 G Ay. It turns out that Spin(7) 
acts transitively on the sphere in A]. = A 1 (R ) and so we can take 62 = a 2 i(l — 61234). 
The stability subgroup in Spin(9, 1) of both e\ and 62 is 5*7(4) k M 8 . Moreover Ag = 
A\(C 4 ) © A?(C 4 ) under 5*7(4) and so there are no additional singlets. Therefore one class 
of N = 2 backgrounds are those for which the Killing spinors are 



with stability subgroup 577(4) k M 8 . 

Next suppose that 62 G Ag. Spin(7) acts transitively on the sphere 5 7 in the spinor 
representation Ag with stability subgroup G 2 . Because of this, the second Killing spinor 
can be chosen as e 2 = b 2 T + (ei + e 2 34). In addition A^K 7 ) is an irreducible representation 
of G 2 and so there are no additional singlets. Therefore the second Killing spinor can 
be chosen as e 2 = a 2 (l + 61234) + &2r + ( e i + e 2 34). However in this case, it can be 
simplified further using the additional M 8 invariance of 1 + 61234. In particular observe 
that e b 2 6 2 r + (ei + 6234) = a 2 (l + 61234) + & 2 r + (ei + 6234). Therefore, we can take as a 
second spinor 62 = a2r + (ei + 6234). To summarize, another class of AT = 2 backgrounds 
are those for which the Killing spinors are 



which have stability subgroup Gi- 
lt remains to take the second spinor to be an element of A 7 (M 7 ) © Ag. One can again 
use the Spin{7) invariance of e\ to set the component of the second spinor 62 in A 8 to 
be along the direction T + (ei + 6234). As we have mentioned the stability subgroup is 
G 2 . In addition G 2 acts transitively on the 5 6 in A^R 7 ) with stability subgroup 5*7(3). 
Because of this, the component of e 2 in Ay(IR 7 ) can be set along the direction i(l — 61234). 
However, since the stability subgroup is 5*7(3), there are two more additional singlets. 
As a result, this case applies to A^ = 4 backgrounds which we shall investigate below. 

3.3 Three spinors 

To find the Killing spinors of A^ = 3 backgrounds, we assume that we have selected the 
first two Killing spinors as it has been described above. Therefore, we have to consider 
two cases. The first case is when the first two Killing spinors ei,e 2 are the 5*7(4) K M 8 
invariant spinors (|3.11|) . The decomposition of A^ 6 under 5*7(4) is 

A+ = M < oi(l + ei2 34 ) > ©M < a 2 i(l - e^) > ©A^(C 4 ) © A^(C 4 ) © A^(C 4 ) . (3.13) 

The third spinor e 3 must be linearly independent from both 01(1+61234) and a 2 i{l— 61234). 
Suppose that 63 G Ag(C 4 ). It is known that the generic orbit of 5*7(4) in Ag(C 4 ) can 



€1 = f(l +ei 234 ) , 

62 = Pl(l + ei234) + ^2(1 - 61234) , 



(3.11) 



ei = /(l + 61234) , 
e 2 = fiT + (ei + e 23 4) , 



(3.12) 
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be represented by fj,ie i2 + A*i 7^ ±A*2 and has stability subgroup SU(2) x SU(2). 

However, there are at least two more real spinors invariant under the SU(2) x SU(2) 
subgroup of SU (4) and so this case is suitable for backgrounds with N > 3. However, it 
is well-known that there is a special orbit of SU (4) in Aq(C 4 ) © A 4 represented by the real 
spinor e 12 — e 34 which has enhanced stability subgroup Sp(2). In addition, decomposing 
A 8 under Sp(2) which can be done using sp(2) = so (5), one can find that there are no 
additional singlets. To summarize, the Killing spinors of iV = 3 backgrounds are 

ei = f(l + ei234) , 

e 2 = ^i(l + ei234) +^2(1 -ei2u) , 

e 3 = hi(l + ei234) +ih 2 (l - e 12U ) + h 3 (e 12 - e 34 ) , (3.14) 

with stability subgroup Sp(2) kR 8 in Spin(9, 1). One can continue to investigate whether 
there are other cases of N = 3 backgrounds. It turns out that there are no other 
possibilities. 

3.4 Four spinors 

Continuing in the same way as in the above cases, one can show that there are two cases 
to consider with four spinors. One case has stability subgroup SU (3) and the other has 
stability subgroup (577(2) x SU(2)) x M 8 . A basis in the space of singlets in the former 
case is 

771 = 1 + ei234 , V2 = «(1 - ei234) , 

Vs = e i5 + e 2 345 , V4 = i(ei 5 - e 23 45) (3.15) 
and a basis of singlets in the latter case is 

771 = 1 + ei234 , V2 = i(l - ei234) , 

^3 = ei2-e 34 , 774 = i(e 12 + e 34 ) . (3.16) 

The Killing spinors of supersymmetric backgrounds are linear combinations of the (con- 
stant) spinors in the above bases. However, we shall argue that in the case of heterotic 
string, one can always find a gauge such that the Killing spinors are constant and can 
be identified with the bases elements above. 

3.5 Eight spinors 

Similarly, there are two stability subgroups in Spin (9, 1) that leave invariant eight 
spinors. One stability subgroup is SU (2) and a basis in the space of singlets is 

7/1 = 1 + ei234 , f]2 = l(l - ei234) , 

V3 = e i2 - e 34 , r/ 4 = i(e 12 + e 34 ) , 

??5 = ei 5 + e 2 345 , Vd = i( e 15 ~ e 2345) , 

V7 = e 52 + ei 345 , 7/s = 7(e 52 - ei 345 ) . (3.17) 
The other stability subgroup is R 8 and a basis in the space of singlets is 

7/1 = 1 + ei234 , V2 = i(l - ei234) , 
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m = ei2 - e 34 , r] 4 = i(e 12 + e 34 ) , 
V5 = ei 3 + e 2 4 , ^6 = i(ei3 - e 2 4) , 

^7 = e 2 3-ei4, r] 8 = i(e 23 + e M ) . (3.18) 

The Killing spinors of supersymmetric backgrounds with eight supersymmetries are again 
linear combinations of the (constant) spinors in the above bases. As in the previous 
case of four Killing spinors, it can always be arranged such that the Killing spinors are 
identified with the bases elements above. 

Some of the results presented in this section are summarized in the table 1. 



G 


N = 1 


N = 2 


N = 3 


N = 4 


N = 8 


N = 16 


Spin(7) x M 8 


V 












517(4) x R 8 














G 2 




V 










Sp(2) x R s 






V 








(SU{2) x SU(2)) x R 8 








V 






SU{3) 














M 8 










V 




SU(2) 










V 




{1} 















Table 1: denotes the number of parallel spinors and G their stability subgroup in 
Spin(9, 1). y/ denotes the cases for which the parallel spinors occur. — denotes the cases 
that do not occur. 



4 Parallel spinors and forms 

4.1 Holonomy, gauge symmetry and Killing spinors 

As we have mentioned, the gravitino Killing spinor equation of heterotic strings is a paral- 
lel transport equation for a metric connection with skew- symmetric torsion V. Therefore, 
the main tool to investigate the existence of solutions of such an equation is the holon- 
omy of V, hol(V). The bundle of parallel spinors K, is spanned by the singlets of the 
decomposition of the Majorana-Weyl representation A^g under hol(V). In particular, 
we have 

^S/IC^O , (4.1) 

where S is the associated bundle of the principal spin bundle with typical fibre A^ 6 . The 
vector bundle K, is topologically trivial and so it is equipped with the trivial connection 
d. In particular, one can introduce a basis (rji, i = 1, . . . ,rank/C) of constant spinors in 
t. 

The Killing spinor equations of the heterotic string are covariant under (local) Spin(9, 1) 
gauge transformations as those of IIB supergravity. However, unlike the cases of IIB and 
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eleven- dimensional supergravities, the Lie algebra spin(9, 1) of the gauge group of the 
Killing spinor equations coincides with the Lie algebra that the (super) covariant deriva- 
tive V takes values in. This in particular implies that the restriction of V on the sections 
of /C can be trivialized with Spin(9, 1) local gauge transformation. As a result, there is 
a gauge, up to local Spin(9, 1) transformations, such that the parallel spinors of V are 
constant and so they can be identified with a constant basis T]i. Of course the basis rji is 
defined up to a (constant) general linear transformation GL(rank/C, R). This transfor- 
mation can be used to simplify the expressions for the Killing spinors, for more details see 

. We remark that in IIB and eleven-dimensional supergravities, there is not always 
a choice of a gauge for which the solutions of the gravitino Killing spinor equations are 
constant. For example, one can adapt the results of [31] to show that the only maximally 
supersymmetric background of IIB and eleven-dimensional supergravities with constant 
Killing spinors is locally isometric to Minkowski spacetime. 

Given a constant basis rji of parallel spinors in /C, the most general Killing spinors 
can be written as 

£r = ^ friVi , r = l,...,N, i= l,...,rank K, , (4.2) 

i 

where / = {f T i) is a real constant matrix. In general N < rank JC because some parallel 
spinors may not solve the dilatino or gaugino Killing spinor equations. The matrix / 
can be thought of as the inclusion of the bundle of Killing spinors /C in K. 

To investigate all the supersymmetric backgrounds of the heterotic string, one has to 
determine the cases for which N < rank K, for N > 1. It is well-known that there are 
such backgrounds as for example the group manifolds that have been mentioned in the 
introduction. In what follows, we shall only consider the cases for which N = rank tC. 
These are the so called maximally supersymmetric G-backgrounds in the terminology 
of [31]. In the first few cases, we shall allow the coefficients / in (|4.2|) to be spacetime 
functions and show that the parallel transport equations imply that / can be taken 
to be the identity, up to a local Spin(9,l) and constant GL(N,M) transformations, in 
agreement with the general argument presented above. 

We have mentioned in the introduction that there are null and timelike supersym- 
metric backgrounds. These can be distinguished by the properties of their Killing spinors 
(N = rank fC). The Killing spinors of null supersymmetric backgrounds satisfy T~e = 0, 
(see appendix A for our spinor conventions). Since e G A^ 6 , this condition implies 
that the Killing spinors are also chiral with respect to the Clifford subalgebra Cliff (R 8 ) 
of Cliff (R 9 ' 1 ), where R 8 = R < e 1 , . . . , e 4 , e 6 , . . . , e 9 >. There are null supersymmetric 
backgrounds with even and odd number of Killing spinors. 

The timelike supersymmetric backgrounds admit always even number of Killing 
spinors. Half of these spinors satisfy the condition r~e = while the other half sat- 
isfies the condition T + e = 0. Therefore the Killing spinors do not have a definite chirally 
with respect to the above Cliff (R 8 ) subalgebra. 
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4.2 Parallel forms 



It has been known for some time that an alternative way to characterize the geometry 
of supersymmetric heterotic backgrounds is in terms of the spacetime form bilinears of 
the parallel spinors, see e.g. [HI EH El- In the heterotic case, a consequence of the Killing 
spinor equations is that all the spacetime form bilinears of the parallel spinors are also 
parallel with respect to the connection V. This is because V is a connection that takes 
values in spin(9, 1) and so preserves the gamma-matrices and the spinor inner product, 
i.e. Ve r = 0, r = 1, . . . , N, implies that 

Va rs = 0, r,s = l,...,N, (4.3) 

where a rs represents all the form spinor bilinears, see appendix A for the definition of a. 

A converse to the above statement has been presented in jlOj. In the case of the 
heterotic string a stronger statement is valid. In particular, if the forms a rs are spinor 
bilinears of some spinors e r and Va rs = 0, then Ve r = 0. This is because the sta- 
bility subgroups of the parallel spinors can also be characterized as those subgroups of 
Spin(9, 1) that leave the forms a rs invariant. Therefore, one can use the form spinor bi- 
linears to give an alternative description of the geometry of spacetime of supersymmetric 
backgrounds. 

The parallel forms of supersymmetric backgrounds generate a ring under the wedge 
product. It turns out that the ring of null supersymmetric backgrounds is nilpotent, 
i.e. the wedge product of any two forms in the ring vanishes. In all cases, there is a null 
parallel one-form k — e~ and all the rest of the generators of the ring are of the form 

a = e" A 4> , (4.4) 

where (e + ,e~,e*) is a light-cone frame adapted to the metric. Although Va = 0, the 
form is not parallel with respect to the V connection 4 . In particular, we have 

^A^h...i k = , V A<j>Bi...B k _ 1 + = , 

Nevertheless in many cases it is convenient to use the form <fr to describe the geometry 
of spacetime. 

The timelike supersymmetric backgrounds admit at least three parallel one forms 
e + and k = e 1 . The N > 2 backgrounds admit more than three parallel 
one-forms. The associated ring of parallel forms is not nilpotent. At the end of this 
section, we give the generators of the rings of the parallel forms of all the supersymmetric 
backgrounds. 

Some geometric properties of the spacetime follow immediately from (J4.3j) . For ex- 
ample, let k be a one-form parallel spinor bilinear. Then (|4.3|) implies that k is parallel, 
Vk = 0. The associated vector field X with respect to the spacetime metric is also 
parallel, VA = 0. A consequence of this is that 

C x g = 

4 However, it is parallel with respect to another connection which takes values in the compact subal- 
gebra of the holonomy group of the null supersymmetric backgrounds. 
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dn = ixH , 



(4.6) 



i.e. X is Killing and that the rotation of k is equal to the particular component of the 
flux H. In addition, if H satisfies the Bianchi identity, which it does at the lowest order 5 
in a', then 

C X H = di x H + i x dH = di x H = , (4.7) 

and so H is also invariant under the one-parameter family of diffeomorphisms generated 
byX. 

Next suppose that X, Y are V-parallel vector fields and denote with Kx and Ky the 
associated one-forms. The commutator of such two Killing vector fields is Killing because 
£[x,Y] = C-xC-y — £y£x- In addition, it is known that i[x,Y] = C-xiy — iyC-x and so 

i[x,Y]H = C x iyH = C x dn Y = d£ X K Y = d,K[ X ,Y] ■ ( 4 - 8 ) 

Therefore, the commutator [X, Y] is also parallel with respect V. However K[x,y] ma U 
not be associated with a one-form parallel spinor bilinear. 

Another aspect of the form spinor bilinears that arise in the context of supersymmet- 
ric heterotic string backgrounds is whether or not they are invariant under the Killing 
vectors of these backgrounds. Let X be a Killing vector associated with a one-form 
spinor bilinear k and a be a A;- form spinor bilinear. Using Va = V/t = 0, one can show 
that 

(C x a) Al ... Ak = k(-l) k (i x H) B [Al a A2 „. Ak]B , (4.9) 

where A 1: . . . , A k , B = — , +, %. Therefore C x a = 0, iff the rotation of X, ixH, leaves 
invariant the form a. We shall find that the dilatino Killing spinor equation implies such 
conditions. 

It also turns out that the geometry of the spacetime of supersymmetric backgrounds 
can be described using a minimal set of parallel forms. This particularly applies to the 
conditions that arise from the gravitino Killing spinor equation. This is similar to the 
characterization of Kahler manifolds as the Riemannian manifolds that admit a parallel 
almost complex structure. The generators of the ring of parallel forms or the rings 
themselves for the supersymmetric backgrounds, up to Hodge duality, are summarized 
in table 2 below. 



5 It is expected that H will remain invariant after all perturbative corrections in a 1 are taken into 
account provided that the classical background is invariant under the transformations generated by X. 
This is because the corrections are polynomials of the Riemann curvature R, F, H and their covariant 
derivatives which are invariant under X. 
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Supersymmetry 


Killing Vectors 


Parallel Forms 


N = 1 Spin(7) k R 8 


1 


e~, e~ A 4> 


N = 2 SU(i) k R 8 


1 


e~ , e~ A x , e~ A 


N = 2 G 2 


3 


e" , e+ , e 1 , <p 


N = 3 Sp(2) x R 8 


1 


e~ , e~ A iOi , e~ A uij , e~ A co>x 


N = 4 (£17(2) x 517(2)) x M 8 


1 


e~ , -e" A (e 1 A e 6 + e 2 A e 7 ) 






-e~ A (e 3 A e 8 + e 4 A e 9 ) 






e" A (e 1 + «e 6 ) A (e 2 + ze 7 ) 






e~ A (e 3 + «e 8 ) A (e 4 + ie 9 ) 


7V = 4 SU(3) 


4 


e" , e+ , e 1 , e 6 , u , x 


N = 8 R 8 


1 


e A if) , ^ G A cv+ (ltr) 


N = 8 SU{2) 


6 


— 4- 1 fi 2 7 

Q I f> (3 
Vy ^ Vy ^ O ^ O ^ O ^ O ^ 






- e 3 A e 8 - e 4 A e 9 , (e 3 + ie 8 ) A (e 4 + ie 9 ) 


JV=16 {1} 


10 


e A , A = 0, . . . , 9 



Table 2: The first column gives the number of Killing vectors that are constructed from Killing 
spinor bilinears of a supersymmetric background. The second column gives a minimal set of 
V-parallel forms which characterizes the geometry of the supersymmetric background, where 
A even+ (1R 8 ) = A°(1R 8 ) © A 2 (M 8 ) © A 4 +(M 8 ) and A 4+ (M 8 ) is the space of self-dual four-forms in 
R 8 , and 



x = (e 1 + ie 6 ) A (e 2 + ie 7 ) A (e 3 + ie 8 ) A (e 4 + ie 9 ) , 

to = -e 1 A e 6 — e 2 A e 7 — e 3 A e 8 — e 4 A e 9 , (p = Re x ~ ^ A to , 

to = — e 2 A e 7 — e 3 A e 8 — e 4 A e 9 , x = (e 2 + ie 7 ) A (e 3 + ie 8 ) A (e 4 + ie 9 ) , 
tp = Rex + e 6 A to , u>j = cj , 

= Re^e 1 + ie 6 ) A (e 2 + ie 7 )] + (e 3 + ie 8 ) A (e 4 + ie 9 )] , 
u K = -Im^e 1 + ie 6 ) A (e 2 + ie 7 ) + (e 3 + ie 8 ) A (e 4 + ie 9 )] . 



5 N = 1 backgrounds 

5.1 Supersymmetry conditions 

In section we have shown that the Killing spinor can be chosen as e = /(l + 61234) 
and has stability subgroup Spin(7) ix R 8 , where / is a real function of the spacetime. 
Substituting this into the gravitino Killing spinor equation, we find 

d A i og /(i + e 1234 ) - l -d An5 e< & ^h + \n A> ^r*h + Ui A , a a i 

~fl A ,a a ei2M + ^ A+a T +a e 12U + ^n A+Bl r + «i + + e 1234 ) = . (5.1) 



The above equation can be expanded in the basis (jA.9|) . Setting every component in this 
basis to zero, we find the conditions 

a A log/+^A,_ + = , (5.2) 
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&A,a a = , &A,aP ~ ^A n 5^ & & p = , (5.3) 

&A,+a = &A,+a = • (5.4) 

The components tlA.-a and VLa-o are unconstrained. 

Similarly, one substitutes e = /(l + 61234) into the dilatino Killing spinor equation to 
find 

(T A d A $ - ±T ABC H ABC )(l + e 1234 ) = . (5.5) 
Expanding this in the basis (|A.9[) . we get that 

8^ + l -E^/^- a - itf a / - hi_+- a = , (5.6) 

9+$ = , (5.7) 

H +a a = , — H +dll a 2 + 2^+/ 3 i/ 3 2 e/3l/32 oi02 = • (5-8) 

The components <9_$ and H-ij remain undetermined by the dilatino Killing spinor 
equation, where % = a, a and similarly j. 

5.2 The geometry of spacetime 

5.2.1 The holonomy of V and supersymmetry 

The gravitino Killing spinor equation implies that the holonomy of the V connection is 
contained in Spin(7) x R 8 . This may have been expected on general grounds because 
the Killing spinor e is parallel with respect to V and so the holonomy of V should be 
contained in the stability subgroup of the Killing spinor e in Spin(9, 1). 

One can also see this explicitly in the gauge / = 1. This gauge can be attained by 
the spinorial transformation e br ° 5 , which induces a Lorentz gauge transformation on V 
and a Lorentz rotation on the fluxes. The action of e br ° 5 on the Killing spinor e is to 
scale it with e b . Therefore setting b = — log |/|, the spacetime dependence of the Killing 
spinor can be gauged away and so the Killing spinor can be written as e = 1 + ei 2 34- In 
this gauge 

&A,+- = , (5.9) 

which together with ()5.4|) imply that all the components of CIa,+b — 0. It is then easy to 
see that the remaining components of the connection one-form, Q = &a£ A , take values 
in spin(7) (B s R 8 - Note however that for generic N = 1 backgrounds, the Levi-Civita 
connection does not have Spin(7) K M 8 holonomy. 

The converse is also valid. If hol(V) C Spin(7) k M 8 , there is a spinor e which 
is parallel with respect to V and so e satisfies the gravitino Killing spinor equation. 
Thus the existence of a solution for the gravitino Killing spinor equation can be entirely 
characterized by the holonomy of V. 

To investigate further the geometry of spacetime, it is convenient to introduce the 
V-parallel forms associated with the parallel spinor bilinears. It turns out that most of 
the fluxes and geometry can be expressed in terms of these bilinears. 



16 



5.2.2 Spacetime forms 

Using the formulae that we have collected in appendix A, one can find that the non- 
vanishing Killing spinor bilinears 6 are a one-form 

K = K(e,e) = f 2 (e°-e 5 ) , (5.10) 

and a five-form 

r = r( e , e ) = / 2 (e o -e 5 )A0, (5.11) 

where 

$ = Rex- ^ Au > ( 5 - 12 ) 

and x an d oj are defined in appendix A, see also table 2. It is easy to recognize that 4> is 
the usual Spm(7)-invariant four-form on eight-dimensional manifolds. The forms u and 
X are not individually well-defined on the spacetime. 

To proceed, we introduce a frame e + , e~, e a , e a , where e~ = (l/y/2) (— e° + e 5 ), e + = 
(l/y/2) (e° + e 5 ), and e° = (l/y/2) (e a + ie a+5 ) , = (1/V2) (e a -ie a+5 ), and (e°,...,e 9 ) 
is the orthonormal frame in appendix A. The spacetime metric can be rewritten as 

ds 2 = 2e+e- + 25 a ^e a e^ . (5.13) 

In this new frame 7 K = f 2 e~ and r = f 2 e~ A <f). Therefore the ring of form spinor 
bilinears under the wedge product is nilpotent, i.e. the wedge product of any two forms 
vanishes. As we have explained in section 14.21 k and r are V-parallel. Therefore the 
vector field X = f 2 e + associated with the one-form k with respect to the spacetime 
metric is also V-parallel, i.e. VI = 0, where e A (eB) = Sq and eg is the co-frame. This 
in turn implies that X is Killing and dn = ixH. Consequently, dixH = and so the 
Bianchi identity, dH = 0, implies that CxH = 0. The three-form field strength H is 
invariant under the isometries generated by X. In addition (|5.7|) implies that £x& — as 
well. Therefore the metric and both fluxes H and $ are invariant under X. Furthermore 
as we shall explain in detail in the next section, (|5.8|) implies that H + ab takes values in 
spin(7) © s JR 8 . Using (PI) , one finds that 

C x r = . (5.14) 

Therefore, the parallel vector field X leaves invariant the Spin(7) x Restructure of 
spacetime. It turns out that this is a generic property of all null super symmetric heterotic 
string backgrounds that we investigate. The null parallel vector field preserves the K k 
Restructure of the spacetime. 

6 We have normalized the Killing spinor e with an additional factor of 1/V2. 
7 We have normalized the forms with a further factor of l/y/2. 
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5.2.3 The solution of the Killing spinor equations 



To further investigate the Killing spinor equations, we decompose the space of two- 
three- and four-forms under Spin(7) as as A 2 (M 8 ) = A| © A| x , A 3 (M 8 ) = A| © A| 8 
A 4 (M 8 ) = AX (M 8 ) © Ai(M 8 ), A 4 + = k\ © K\ © A| 7 and Ai = A| 5 , where 



A 2 . = {a G A 2 (M 8 )| * {a A 0) = -3a} , A 2 X = {a G A 2 (M 8 )| * (a A 0) = a} 

Ag = {*(a A 0)| a G A 1 ^ 8 )} , A 3 8 = {a G A 3 (M 8 )| a A = 0} , 

A 4 = {r0|r G ffi} . (5.15) 

The representation A^ can be identified with the adjoint representation of spin(7), so 
spin(7) = so(7) = A 2 ,-^ Using the above decompositions, the conditions that arise from 
the gravitino Killing spinor equation (J5.6j) - (j5.8j) in the gauge / = 1 can be written as 

n A , +B = 0, ^ = 0, (5.16) 

where the projection to the seven-dimensional representation is done in the indices i,j = 
1, . . . 4, 6, . . . , 9. In addition, the conditions that arise from the dilatino Killing spinor 
equation can be rewritten as 

d& + ^Hju^i - ~H_ +i = , <9+$ = 0, H 7 +lJ = 0. (5.17) 

The conditions ()5.16|) and (|5.17|) can be solved to determine most of the components 
of the flux in terms of the geometry. In particular, the first equation in ()5.16j) implies 
that k = e — is parallel and so ixH — d,K — de~ . The second equation is equivalent to 
^A<t>ijki = and so in particular implies that 

V-4>ijki = , 

V m 0ijfci = . (5.18) 
These equations can be solved for the fluxes to give 

tt 3_Y7 /A mima—mg _i_ ami /r iq\ 

-Hijk 4! [™iT^'m2...r)i5] fc ijk T v (fmijk > yo.ljj 



where 



Observe that 9 is analogous to the Lee form of eight- dimensional Riemannian manifolds 
with a Spm(7)-structure. To derive the second equation in ()5.19|h we have use the results 
of [21]. In addition the first condition in ()5.17|) implies that the Hf- k component of H 
which is determined by 9 can be expressed in terms of the derivative of the dilaton and 
the H + ^i = (d,K)-i component of the flux. If ^ dif, then the spacetime is not 

conformally balanced. 
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Therefore the metric and three-form flux of the supersymmetric spacetime can be 
written as 

ds 2 = 2e + e" + 5 aj5 e a ff 

H = e + A tfe - + Sf u e'Ae'A e j + -H%e~ Ae'A e j 

+ ^VAe j Ae" , (5.21) 

where is given in (|5.19|) . The component H 2 }^ of the fluxes is not determined by 
the Killing spinor equations. 



5.2.4 Local coordinates 

One can introduce local coordinates on the spacetime M by adapting a coordinate u 
along the null Killing vector field X, X = J^. The spacetime metric can be written as 

ds 2 = 2U(dv + midy^idu + Vdv + nidy 1 ) + ^ IJ dy I dy 3 , (5.22) 



where U,V,mi,ni and 7/j are functions of v.y 1 coordinates, /, J = 1,...,8. All the 
components of the metric are independent of u because X is Killing. In addition U = f 2 . 
To see this, we adapt the frame 

e~ = dv + mjdy 1 , e + = U (du + Vdv + njdy 1 ) , e l = e l jdy J , (5.23) 

where jjj = S^e 1 ^. The Killing vector field in this frame is 

X = f 2 e + = |- , (5.24) 

where is 

e + = U JT ' e ~ = 7T ~ V 7T ' 
ou ov ou 

e { = + (-n i + Vm i )—-m i — , (5.25) 

e}ej = 8 l j, rrii = mjef and Hi = niej. Using the above expression for the co- frame, the 
Killing vector field X can be written as 

Therefore U = f 2 . In particular, we can set U = 1 in the gauge / = 1. 

A consequence of the torsion free condition for the Levi-Civita connection and &a,+b — 
is that 

i x H = dm . (5.27) 

So using i x H = dn, one finds that 

dn = dm . (5.28) 
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As it may have been expected the off-diagonal part of the metric (|5.22|) proportional to 
m, which is responsible for the deviation from Penrose coordinates, is due to the rotation 
of the null geodesic congruence generated by k. In addition (|5.27j) relates this term to 
the presence of non-vanishing H fluxes. Furthermore, the coordinate v of the spacetime 
can be specified by applying the Poincare lemma on the closure relation d(n — m) = 0. 

5.2.5 A deformation family of Spm(7)-structures 

The spacetime M of N = 1 supersymmetric heterotic string backgrounds can be in- 
terpreted as a two parameter Lorentzian deformation family 8 of an eight-dimensional 
manifold B with an 5pm(7)-structure. To see this, observe that the metric (|5.22jl can 
be rewritten as 

ds 2 = g ab du a du b + guidy 1 + Aidu a ) (dy J + A J b du b ) , (5.29) 

where 

9vu + gijAlA J u = U , g vv + guA l v A J v = 2UV , g uu + gijA^Al = 
g n A J u = Umj , g, H A J v =Un x + UVmj , g u = 7/J + 2Un {I m J) , (5.30) 

and g a b-,9ij-,A I a depend on all coordinates w ,?/ 7 , ((^ a ) = (u,v)). The components A l a 
can be thought of as the non-linear connection of the family. 

The spacetime admits an integrable distribution of co-dimension eight. To see this, 
we adapt a frame 

E + , E~ , E { = e i j(dy J + A J b du b ) , (5.31) 

to the metric (J5.29|) . where E + , E~ is a light-cone frame adapted to the two-dimensional 
part of the metric, g ab du a du b = 2E~E + , and bijt % ie? j = gij. Applying the Frobenius 
theorem to the one- forms E + , E~ , one can easily show that the spacetime is an integrable 
foliation of co-dimension eight with leaves the deformed manifold B given by u, v — const. 

It remains to determine the geometry of B that gets deformed. It is clear that B is a 
Riemannian manifold with metric ds 2 = gijdy I dy J equipped with a three- form H = H\b- 

So one can construct a Riemannian connection V on B with torsion H . In addition B 
admits a Spm(7)-invariant form = <p\g. However these data are not compatible, i.e. in 

general V0 7^ 0. To see this, observe that 

e* = t j {E i +p>E + + q l E~) (5.32) 

for some non-vanishing p and q, deti 7^ 0, and similarly for the rest components of the 
frame. This in particular implies that the self-dual four form in the (E l ,E + ,E~) 
frame has components in the E + and E~ directions. Taking the covariant derivative 
of (p, i.e. Vj0, one get contributions from ViE + = —Cli + jE^, and similarly from Vj-E 1- , 
which can be identified with the second fundamental form of B with respect to the 
connection V. Since these contributions do not apparently vanish, Vj0 = 0, see (|4.5|) . 

8 The family is trivial with respect to one of the two parameters. 
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after restriction to B does not imply that Vj0 = 0. Therefore B does not have a Spin(7) 

structure compatible with the connection V. Nevertheless, B admits a Spm(7)-structure. 
There is though a special case where the Spm(7)-structure of B is compatible with the 

V connection. This is whenever the rotation of the null V-parallel vector field vanishes, 
dn = de~ = 0, i.e. the metric is written in terms of Penrose coordinates. In this case, 
the (e~,e + ,e 4 ) and (E~,E + ,E l ) frames are related as 

e" = E~ , e + - me* = E + , e* = E i - rtE' . (5.33) 

Then <f> = ^ijki^ A e- 7 A e k A e l can be written as (ft = tp + E~ A r, where ip = -^(pijkiE 1 A 
E j A E k A E l . Thus we have 

(Vi0)| B = {ViE-)\ B A t\ b = = (5.34) 

because Vj-E~ = V^e - = —Q i)+ j^E A = 0, since f^.+B = 0, E + \ B = E~\ B = 0, and <p is 
parallel with respect to V along the B directions, see f|4.5|) . where 4> = 4>\b = iP\b- In 
addition B is conformally balanced. This is because the dilatino Killing spinors equation 
fl5.17j) when restricted on B gives 

0i = 2di$ , (5.35) 

since the rotation of the vector field vanishes. Eight- dimensional Riemannian manifolds 
with a conformally balanced Spm(7)-structure compatible with a connection with skew- 
symmetric torsion have been investigated in |24j . Any eight- dimensional Riemannian 
manifold with a S , pm(7)-structure admits a connection with skew-symmetric torsion 

H = - * d4> + *(6 A (p) , (5.36) 

where the Lee form can also be written as 9 = — | * (*<i0 A 0) and * is the Hodge duality 
operator of B for dvol(S) = e 1 A . . . A e 4 A e 6 A . . . A e 9 . Note that = = ^| B . 
Our form conventions are summarized in appendix A. Of course the torsion is required 
to satisfy the (generalized) Bianchi identity for applications to the heterotic string. 

The geometry of B can also be given in terms of G-structures. It is known that there 
are four classes of Spm(7)-structures obtained by decomposing V0 in terms of Spin(7) 
representations jHj. These classes can be described in terms of the Lee form [12] as 
follows: W (# = 0), Wx {6 = 0), W 2 (# = f 9 A <j>) and W = W 1 ®W 2 . The only 
restriction that we find on the S'pm(7)-structure of B arising from supersymmetry is that 
it is conformally balanced, i.e. 9 = 2dQ. These geometries are in the same conformal 
class as those of the W\ Spm(7)-structure. To see this, observe that under the conformal 
transformation ds"^ = e 2Q ds 2 , the four-forms changes as 4> n = e An cf>. Then the Lee form 
of (d 

S H5 C ) can be written in terms of the Lee form of (ds 2 , 0) as 9 n = 9 + y<if2. Thus 
9 Q = for O = -|i> and so (c?s^,0 n ) , is in the W\ class. 

5.3 Field equations 

It is straightforward to derive the field equations that follow as the integrability con- 
ditions of the Killing spinor equations. In this way, we find the minimal set of field 
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equations that need to be solved in addition to solving the Killing spinor equations. For 
the case at hand, we find that the integrability conditions of the Killing spinor equations 
give 

E ++ = E +a = , 
E-+ = -l*"LH. + , 

E =--e 2 ®LH + -BH 7 - -e 717273 B H 

J-j— a 2° — ol ~ 2 a 7 5 717273 ) 

rp 717273 D IT ^ r 717273 DU _ 

^otf) ~ 12 - D - n /37l7273 X 2 Q 7i7273 > 

1 1 1 

R Off _ 7 c 717273 UJJ - (r _7l7273 Drx 

q/3 — 2 a P~( 12 DrL Pii7ii3 Y2 P -"0717273 > 

LH +a = , 

P 2 ®T H - -Lf Mi nu - - 
e i^u ai0l2 — 2 a i°<2 — i-fhfh ' 

2$ j tt _ n rr _ 1 r 717273 R £7- c -717273 D IT 

e Ll£1 ap — — ha/3 i* g e » nn Mll2l3 _ g C /3 -° -"0717273 5 

LF+ = , 

e 2 ®LF = —BF , +J3F 7 — if 717273 _ _ 

O J^-l a -U-t T -U-I a<y 3 717273 5 

L$ = ^ 2 *Li7_ + + \bHJ 5 5 + ± e ^BH M + ^e^BH^ . (5.37) 
In addition, the Bianchi identities satisfy 

1 
2 

and 



BF +a a — , BF +aia2 — -e^^ 131132 B F +/3l/32 (5.38) 



BH +aia2a3 — BH +aia2 p — BH — ^ 7 7 — , BH — ^ ai a 2 — 2" e «i«2^ 1 ^ 2 -^-^ — hfilfh ' 

BH aia , 2l J = -e ai a 2 ^ 1 ^ 2 BH0 1 2l ' y , e 7 " 1 * li BH* il ...* li — e 71 74 B H lv .. 14 = . (5.39) 

It is significant to see that the Bianchi identities are restricted. This effects the con- 
sistency of the theory when the heterotic anomaly and the higher order corrections are 
considered. However, if one works at the lowest order, one can impose the Bianchi iden- 
tities, BH = BF = 0. In such a case, all field equations are implied provided that in 
addition one imposes 9 E = 0, LH-a = and LF^ = 0. 

6 N = 2 backgrounds with SU (4) k! 8 invariant spinors 
6.1 Super symmetry conditions 

We have shown in sectional that the SU (4) k M 8 -invariant Killing spinors can be written 

as 

6i = f(l + ei234) , 



9 The set of field equations that should be imposed in addition to the Killing spinor equations is not 
uniquely defined. 
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e 2 = #i(l + ei234) +^2(1 - ei234) • (6.1) 

The Killing spinors equations for the first spinor have been investigated in the previous 
section. The gravitino Killing spinor equation for the second spinor can be written as 

g 2 1 g l d A \og(gif' 1 )(l + e 123 4) + id A logg 2 (l - ei 234 ) + *V.a(1 - e 123A ) = . (6.2) 

This equation can be expanded in the basis given in (|A.9|) . In particular, the components 
along the 1 and ei 2 34 directions are 

g~ g 1 d A \og{g 1 r l ) + i<9 A log# 2 + + n^>- + = ' 

g 2 1 g x d A \og{g 1 D -id A \ogg 2 + ~^A, a a - 2^.-+ = ■ ( 6 - 3 ) 
These in turn imply that 

d A \og( 9l r l ) = 0, 

^log^r 1 ) = 0. (6.4) 

To derive the latter, we have also used the equation that we have obtained for / in the 
N = 1 case. Since the Killing spinors are specified up to a constant scale, they can be 
written as 

et = f(l + ei 234 ) 

e 2 = /[cosy3(l + ei 234 ) + z siny?(l - ei 234 )] , (6.5) 

where tp is a constant angle. The spinors e\ and e 2 must be linearly independent and so 
the angle ip should satisfy simp 7^ 0. The remaining conditions for the second Killing 
spinor are as those we have derived for the N — 1 case with the difference that the terms 
proportional to the Levi-Civita tensor epsilon have an additional relative minus sign. 
Combining, the conditions we have derived for the e\ Killing spinors with those of the 
e 2 Killing spinors, we find that the independent conditions associated with the gravitino 
Killing spinor equation are 

9 A log/ + ifi A ,_ + = , (6.6) 

h AM = n Aa a = , (6.7) 

^A,+a = ^A,+a = . (6.8) 

It remains to find the conditions that arise from the dilatino Killing spinor equation. 
We have already computed the dilatino Killing spinor equation on the spinor e\ in the 
previous section. So it remains to find the conditions for e 2 . It is straightforward to 
observe using the results we have derived for the dilatino Killing spinor equation of t\ 
that it suffices to compute the dilatino Killing spinor equation on 1 — ei 234 . In turn the 
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conditions that arise can be easily read from those on €\. The only difference is a relative 
minus sign for the terms proportional to the Levi-Civita tensor epsilon. Combining the 
conditions for the dilatino Killing spinor equation for both ei and €2 spinors, we find 
that 

d«® - i#a/ - \H- + a = , (6.9) 
tf/Wa = > (6-10) 

<9+$ = 0, (6.11) 

H +a a = , H +BllBl2 = . (6.12) 
This concludes the analysis of the Killing spinor equations. 

6.2 Geometry 

6.2.1 Holonomy of V connection and supersymmetry 

Applying the general arguments presented in 14. II to this case, one expects that the grav- 
itino Killing spinor equation implies that the holonomy of the V connection is contained 
in SU(4) xM 8 . This can be explicitly seen in the gauge / = 1. This gauge can be attained 
by using the Spin(9, 1) gauge transformation e br °° for b = log |/| as in the Spin(7) x M 8 
case that we have already investigated. In the gauge / = 1, one has 

= , (6.13) 

which together with ()6.8j) imply that all the components of CIa,+b = 0. It is then easy to 
see that the remaining components of the connection one-form, Cl = Cl^e A , take values 
in sit (4) ©<j]R 8 . In the presence of fluxes, the Levi-Civita connection of these backgrounds 
does not have 577(4) x M. 8 holonomy. 

We have seen above that we can choose / = 1. In addition, the angle that the Killing 
spinors (|6.5jl depend on can be eliminated with a constant GL(2,M) transformation. 
So the Killing spinors can be written as e\ = 1 + ei234 and €2 = i(l — 61234). This is 
in agreement with the general arguments we have presented in section 14.11 that in the 
heterotic supergravity the Killing spinors can always be chosen to be constant. 

A converse statement is also valid. If hol(V) C 577(4) x M 8 , there are spinors ex, 62 
which are parallel with respect to V and so they satisfy the gravitino Killing spinor 
equation. Thus the existence of a solution for the gravitino Killing spinor equation can 
be entirely characterized by the holonomy of V. 

To investigate further the geometry of spacetime, it is convenient to introduce the 
V-parallel forms associated with the parallel spinor bilinears. It turns out that most of 
the fluxes and geometry can be expressed in terms of these bilinears. 
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6.2.2 Geometry and spacetime forms bilinears 



The V-parallel forms associated with the spinor pair (ei, e-±) have already been computed 
and can be found in the previous section. To compute the forms associated with the 
spinor pairs (e 2 ,e 2 ) and (ei,e 2 ), we write the metric as in (|5.13p . i.e. 

ds 2 = 2e + e" + 25 a ~ p e a ^ . (6.14) 

Then, after a normalization of the spinors ()6.5|) with 1 / \^2, we find the one-forms 10 

K(e 2 ,e 2 ) = -f 2 e~ 

K ( e i) e 2) = —f 2 cos(pe~ , (6.15) 



a three-form 



and two five-forms 



£(ei,e 2 ) = -f sin^e A u> , (6.16) 



r(e 2 ,e 2 ) = —f 2 e~ A [Re (e 2ilp x) _ ^ Aw] 

r( ei ,e 2 ) = -/ 2 e-AReHx-^A W )], (6.17) 

where u = —i5 a ^e a A e@ and x = 4e 1 Ae 2 Ae 3 Ae 4 . The above forms can be simplified 
in the gauge / = 1, cosy? = 0, sin</? = 1. It can be easily seen that if e\ and e 2 are 
linearly independent, i.e. sinyj ^ 0, the ring of spacetime form bilinears is generated by 
K = f 2 e~ , ( = kAw, ri = ft A w A w and r 2 = k A X- This ring is nilpotent as in the 
Spin(7) x K 8 case and 

= V£ = Vn = Vr 2 = , (6.18) 

i.e. k, £, ri and r 2 are parallel with respect to the connection V. As we have already 
mentioned, the condition Vk = implies that the one-form k is associated to a null 
Killing vector field X and dn — ixH = 0. The condition (|6.12j) which arises from the 
dilatino Killing spinor equation gives that the two-form ixH takes values in su(4) © S M 8 . 
This in turn implies that X preserves the SU(A) K M 8 structure, i.e. 

£xt = 0, £ x n = 0, C x r 2 = 0. (6.19) 

In addition (|6.11|) implies that the dilaton is invariant under the diffeomorphisms gen- 
erated by X. 



6.2.3 Solution of the Killing spinor equations 

The conditions arising from the parallel transport equation imply that V has holonomy 
contained in SU (4) >< M 8 . The decomposition of the fluxes in SU (4) x M 8 representations 
is manifest in this case. Nevertheless observe that under S'[/(4) the space of two-forms 

10 We have made an additional normalization of the spinor bilinears with a factor of \/2. 
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decomposes as A 2 (IR 8 ) ® C = A 2 .' © Ag 2 © A^' 1 © and the space of three- forms 
decomposes as A 3 (M 8 ) © C = A4' © A 4 ' 3 © A 2 ,'^ © A20 © A4' 1 © A4' 2 . Using these, in the 
gauge / = 1, the conditions that arise from gravitino Killing spinor equations can be 
written as 

n A , +B = o, 8% j = b% ij = o, ni^ = o (6.20) 

and, similarly, the conditions that arise from the dilatino Killing spinor equations can 
be written as 

d+$ = 0, 20 i $-0 i -ff_ +< = O, Hff k = H!f k = 0, 

H\ l3 = , H% = H% = , (6.21) 

where the restriction to representations of SU(4) is referred to the k indices, 9 is the 
Lee form 

9i = -V k u kj Pi , (6.22) 

and the endomorphism / is defined by w^- = gikl k j- To rewrite the conditions that 
arise from the dilatino Killing spinor equation in terms of the Lee form, we have used 
ViUJ jk = 0. 

The conditions (J6.20)) and (|6.21j) can be solved to express the fluxes in terms of 
the geometry. As we have mentioned already, the first condition in (|fj.2()j) implies that 
ixH = dn. The remaining conditions imply that Va^»j — and V AXijki — 0. The 
former condition implies that 

V-Wy = , ViWjfc = . (6.23) 

These two equations can be solved using, Hfj k = H^ k = 0, to give 

H-ij — H_ k il k il l j = —2I m iW^LL} m j , 

Hijk = — 3/ m [i(V jUJk] m + V\ m \Ujk] — Vfc^j] m ) . (6.24) 

In addition V_x = gives 

H- a a = 8^jX°' W V_Xo-« • (6-25) 

Therefore all the fluxes apart from i?*f,- are determined in terms of the geometry and 
the form Killing spinor bilinears. Of course the remaining conditions impose additional 

2 1 

restrictions on the metric and torsion. In particular, the component of H in A 4 ' is 
related to the Lee form 9 and so to the derivative of the dilaton. 
Therefore, the metric and torsion can be written as 

ds 2 = 2e"e + + <%eV , 
H = e+AdK- V\V^ m:; e- A e' A - -^-^lm(x klmn V . X ki mn ) ^ e~ Ae'Ae^ 

e~ A e l A e l + ^H ijk e l A e> A e k , (6.26) 
where is given in the second equation of ()6.24|) and dn takes values in su(4) © s R 8 . 
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6.2.4 Local coordinates, distributions and a deformation family 

Using similar arguments to those we have presented for the Spin(7) X R 8 case and 
introducing coordinates along the null Killing vector X = J^, we can write the spacetime 
metric in the gauge / = 1 as 

ds 2 = 2(dv + midy l )(du + Vdv + nrfy 1 ) + ^i J dy I dy 3 , (6.27) 

where all the components are functions of v,y ! and ixH = de~ = dm. In addition the 
second equation in (j6.12|) implies that dm takes values in su(4) © s R 8 . The coordinate v 
can also be introduced as in the Spin(7) x R 8 case. One can adapt a frame to the above 
metric as in (j5.2r>)) . 

Another aspect of the geometry of the spacetime is that it admits two integrable 
distributions of codimension five. These are spanned by the the one forms (e~,e Q ) and 
(e~,e a ). This can be seen by using the conditions that arise from the gravitino and 
dilatino Killing spinor equations. This implies that the spacetime admits a "Lorentzian" 
holomorphic structure. In fact, most of the conditions that arise from the dilatino Killing 
spinor equation are implied by the integrability of these distributions. 

As in the case of a Spin(7) x M 8 -invariant spinor, the spacetime can be thought of 
as a two parameter deformation family of an eight- dimensional manifold B. The metric 
(|6.27|) can be written as the metric on the family by introducing a non-linear connection 
A whose components are related to m and n as in (jo.rSO)) . It remains to investigate the 
geometry of B. We adapt a frame E A to the metric of the family as in (|5.Hljl and define 
the spacetime metric ds 2 = ds 2 \B, H = H\b, Co = uj\b and x = x\b on B. However, 
as in the Spin(7) case, the forms Co and \ are n °t always parallel with respect to the 

connection V of B with torsion H. Therefore although B has an S77(4)-structure, it is 

not compatible with the connection V. 

There is a special case where the S77(4)-structure of B is compatible with the con- 
nection V. This appears whenever the rotation of the the null parallel vector field 
X vanishes, i.e. when dn = de~ = 0. Using the relation (J5.33j) between the frames 
(e~,e + ,e*) and (E~,E + ,E l ), and arguments similar to those of the Spin(7) case, one 
can show that B is a conformally balanced KT manifold equipped with a compatible 
S77(4) structure, i.e. B is complex 11 , uj and x define an S , f/(4)-structure and they are 

parallel with respect to V, i.e. Vuj = and Vx = 0, and that 

6 = 2d$ , (6.28) 

where 9 = — -k (-kdu A Co) is the Lee form of B and * is the Hodge duality operator on 
B associated with the volume form dvo\(B) = e 1 A . . . A e 4 A e 6 A . . . A e 9 . Note that 
e l = e l \ B = E 1 \b- One can show that B is a complex submanifold of the Lorentzian holo- 
morphic manifold M by using the integrable distributions (e~, e a ) and (e~, e a ) mentioned 
above. It turns out that all 2n-dimensional manifolds with an 5'L r (n)-structure and skew- 
symmetric Nijenhuis tensor admit a compatible connection with skew-symmetric torsion. 

11 Note that there are two-dimensional sigma models with extended world- volume supersymmetry and 
target spaces which are almost complex manifolds |3(J) . 
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In particular, the torsion of the eight-dimensional manifold B is given as 

H = -ijduo = *(dw Aw) - ^ * Aw Alj) . (6.29) 

Examples of such manifolds have been given in E3 El IS] • Of course for applications 
to the heterotic string one has to impose the (generalized) Bianchi identity for H. 

The geometry of B can also be described using G-structures. The Si7(4)-structures on 
an eight-dimensional manifold can be found by decomposing Vu; and Vx in irreducible 
S77(4) representations. In the decomposition of Vu) and Vx five irreducible SU(A) 
representations appear labelled by Wi, . . . , W 5 , so there are 2 5 S'C/(4)-structures. One 
can also recover these representations in the decomposition of du and d\- In particular, 
one can show that du 3,0 and dx 3 ' 2 determine V a&p-y an d correspond to the W\ and 
W2 classes respectively. The traceless part of da) 2 ' 1 is associated with the W3 class and 
determines the traceless part of of V g cDg 7 . Furthermore the trace part of du 2 ' 1 and the 
trace part of dx 4,1 determine the trace parts of VaW^ and VaX^..,/^, respectively, and 
are associated with the and W$ classes. The classes and W5 are characterized by 
the Lee forms 6a and #r 6X of Cj and Re(x), respectively. The Lee form 6q has been given 
below ()6.28|) . 6q = 9, and the Lee form of Rex is defined as #R e x = — 4 * (*<iRex A Rex). 
The remaining components of Vuj and Vx vanish. The above is a generalization of the 
results of [13] for the SU(3) case, see also jS]. The further generalization to all SU(n)- 
structures is straightforward. Returning to the geometry of the deformed manifold B, 
since B is complex, W\ = W2 = 0. In addition, one can show that 

h = Orcx = 2d$ . (6.30) 

This condition is reminiscent to a condition found in ^1] in the context of M 3 ' 1 x Xq 
heterotic string backgrounds, where X 6 has an SU (3)-structure. 



6.3 Field equations 

As was explained for the N = 1 case, it is straightforward to derive the field equations 
that are implied from the integrability conditions of the Killing spinor equations. In 
particular, we find for the case with S77(4) x M 8 invariant spinors that 

E ++ = E +a = E aj 3 = , 

2 + 
E- a = —-e 2 ®LH_ a + -BH_ ai " 1 , 

LH+a = LH ai(X2 = , 
e 2 ®LH a p = -BH_ +a p , 
LF+ = , 

e LF a = —BF^ +a + BF ai ^ , 

L$ = i e 2 *L#_ + + ^BH^ S S . (6.31) 
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In addition, the Bianchi identities satisfy 



BF +a a — BF +ctlCt2 — BF ai0l20l3 — , (6.32) 

and 

B H ~aia2ct3 B H^ aiCt2Ct3 BH -\- ai a2^ BH — ^a 1 a 2 BH — , 

BH aia2azai = BH aia2a3 p = BH aia2 1 ^ 2 = . (6.33) 

As can be seen from the conditions above, if we choose to impose the Bianchi identities 

BF = BH = 0, the only field equations that remain to be solved are E = 0, LH_a — 

and LF_ = 0. 

7 N = 2 with G2 invariant spinors 

7.1 Supersymmetry conditions 

The two Killing spinors can be chosen section EJ 

ei = /(l + eiasO, e 2 = g(e 15 + e 234 5) • (7.1) 

We have already derived the conditions required for e± to be a Killing spinor when we 
investigated the backgrounds with one supersymmetry. Therefore it remains to derive 
the conditions for e 2 to be a Killing spinor. After some computation, the gravitino Killing 
spinor equation gives 

&a,-i = , fl A ,-n = , (7.2) 
d A log g - -Cl A;11 + -Cl AiTl n - -Q At _ + = , (7.3) 

fo A ,hl — ^ A ,pm^ Pm n = , (7.4) 

d A log g + -fU.ii - Ul A>n n - \&a,-+ = , (7.5) 

where m,n,p,q, . . . = 2,3,4 and e mnp = €i mnp . In addition, the dilatino Killing spinor 
equation gives 

2d_$ + #_n-#_ n n = , (7.6) 
2d_$-#_ 1I + #V l = 0, (7.7) 
+ H_ np e np rh = , (7.8) 
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- 2g>!$ + H ln n - - ^H npm e npm = , (7.9) 

+ iff lifl - l -H n / + itf_ +fi - l -H pml e pm n = . (7.10) 

Comparing the above equations with those derived for the e\ Killing spinor, we find that 
the parallel transport equation gives 

d A log / + ]pA-+ = , 
d A log fg = , 
= , 

^A,n n = , 
&A,+a — &A,—a — i a, (3 = 1, 2, 3, 4 , 

^A,ln — — "A,ln 5 

and the dilatino Killing spinor equation gives 



<9 + $ = <9_$ = (dx + di)® = , 

1 --- 1 
9 T $ — H---e npm A if e npm 

r)-3> - - — tf-P -i- —fT- f:P m _ pm_ 
u n^ n P ^ lpm t n ^"lpm fc n i 

H +a a = , 

-^+(3/3 = 2^+7 <5e75 a/3 ' 

#-11 = #-n™ , 

rr _ it pm_ 

"—In 2 V m n i 

tt _ ZJ- n \ TJ nprn \ tt npfh 

"— +1 "1 n g"npm,t g"npmfc j 



#-+n — -Hi pm e pm n + -H lpm e pm n — H n u . (7.26) 

This concludes the analysis of the Killing spinor equations. In the remainder of the 
section, we shall investigate the geometry of the backgrounds with G 2 invariant spinors. 
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7.1.1 Holonomy of V connection 



The gravitino Killing spinor equation implies that the holonomy of the connection V is 
contained in G 2 , which is the stability subgroup of the spinors (j7.1|) in Spin{9, 1). One 
can also see this explicitly. This is easily done in the gauge / = 1. As in the previous 
cases we have already investigated, this gauge can be attained by the Spin(9, 1) gauge 
transformation e br ° 5 for b = log |/|. Then ()7.12j) implies that g is also constant and so it 
can be chosen as g — 1. In the gauge / = g — 1, one has 

Oi,+- = , (7.27) 

which together with (j7.15j) imply that all the components of VLa,+b = 0. It is then easy to 
see that (j7.12j) - ()7.17|) imply that the remaining components of the connection one-form, 
Cl = CIa£ A , take values in q 2 - The Levi-Civita connection does not have G 2 holonomy. 
The analysis of the geometry of supersymmetric backgrounds with G2 invariant spinors 
simplifies in the gauge / = g = 1. 

Conversely, if the connection V has holonomy contained in G2, then there are spinors 
£i = l + ei234 and €2 = (eis + 62345), up to a Spin (9, 1) gauge transformation, which are 
parallel with respect to V. Therefore the holonomy of V completely characterizes the 
solution of the gravitino Killing spinor equation. 

7.1.2 Spacetime form bilinears 

To proceed further in the investigation of the geometry, we compute the spacetime forms 
associated with the Killing spinor bilinears. The spacetime forms of e\ have already been 
described in the previous sections. It remains to compute the forms associated with the 
spinor pairs (£2, £2) and (£1,62). In particular after an additional normalization of the 
spinors, we find the one-forms 



«(ei, £ 2 ) = -e 1 , K(e 2 ,e 2 ) = e° + e 5 , (7.28) 

the three-form 

f ( eij e 2 ) = Rex + e 6 A u> - e° A e 1 A e 5 , (7.29) 

and the five-forms 

r(ei, £ 2 ) = -Rex A e° A e 5 + Imx A e 1 A e 6 + ^e 1 A u A Co - u A e° A e 5 A e 6 

r(e 2 , £ 2 ) = -(e° + e 5 ) A [e 1 A Rex + e 6 A Imx + A u> + A e 1 A e 6 ] , (7.30) 

in the gauge f — g — 1. Unlike the previous cases we have investigated, the ring of 

invariant forms is not nilpotent. It is generated by the one-forms e + and 
k = e 1 = ^75 (e 1 + e 1 ), the G 2 invariant form 

<p = Rex + e 6 A u , (7.31) 
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and its dual -kip, where the Hodge operator is taken with respect to the volume form 
e 2 A e 3 A e 4 A e 6 A e 7 A e 8 A e 9 . 

The one-forms k = e~, k! = e + and k = e 1 = ^(e 1 + e 1 ), in the gauge / = g = 1, 
are associated with the Killing vector fields X = e + ,Y = e_ and Z — ex, respectively. 
This follows from the conditions fi^.+B — ^a-b — ^a,ib + ^Xi ib — which summarize 
()7.11jl . (|7.15j) and ()7.17|) . in the gauge / = g = 1, and the skew-symmetry of the torsion 
H. The commutators of these Killing vector fields are 

[X,Y] = -H A + _e A 
[X,Z] = -H A +1 e A 

[Y,Z] = -H A ^e A . (7.32) 

The components of the torsion which appear in (|7.32j) are not required to vanish by 
the Killing spinor equations. So the above commutators do not vanish and therefore 
the Killing vector fields do not necessarily commute. As we have shown in 14.21 if two 
vector fields X, Y are V-parallel their commutator [X, Y] is V-parallel as well. So if the 
commutators of X, Y, Z are independent vector fields, then the spacetime admits up to 
six parallel vector fields not counting the further commutators that one can construct. 
So there is a large class of geometries that can occur ranging from a spacetime with three 
commuting Killing vector fields X, Y, Z to a spacetime that is a Lorentzian Lie group of 
dimension ten equipped with a left-invariant metric g and a left-invariant closed three 
form H. We shall not attempt to investigate the full range of possibilities. Instead, we 
shall focus on the case for which the vector fields X, Y and Z span a Lie algebra under 
the commutators (|7.32|) . 

7.1.3 Backgrounds with three isometries and supersymmetry conditions 

Let f) be the Lie algebra spanned by X, Y and Z. Then [h, h] C h implies that 

H_ +l = H_ u = H +li = , i, j, k,l = 2,3,4,6,7,8,9 . (7.33) 

Therefore the structure constants of the Lie algebra are given by the i?_+x component 
of the torsion. Since if is a three-form, f) can be either isomorphic to u(l) ffiu(l) ©u(l), 

if H |_x = 0, or isomorphic to st(2,R), if H h x ^ 0. The analysis can be done for both 

cases simultaneously. 

First consider the consequences of (J7.33|) on the gravitino Killing spinor equation. It 
is straightforward to find that (J7.11j) - (j7.17j) can be rewritten as 

{l A , aB = , (f Aij = , a = -, +, 1 , (7.34) 

where we have used the decomposition of A 2 (M 7 ) = A| © A 2 4 under G 2 , 

A 2 7 = a a) | a G A^R 7 )} 

A 2 14 = { a e A 2 (M 7 )| *(tp A a) = -a} (7.35) 

and A| 4 can be identified with the Lie algebra 02 of G2- Similarly, using ()7.33|) . the 
conditions implied by the dilatino Killing spinor equation can be rewritten as 

<9 + $ = <9_$ = Si$ = , 
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i x El = iyHT = i z Hj 3 = , 
d^ + ^H jkl *^' w f = , 

+ l -H t]k ^ k = . (7.36) 

The second equation in ()7.36|) implies that (ixH)ij, (iyH)^ and {izH)^ take values in 
g 2 - This together with (J7.33j) imply that X, Y and Z leave invariant the forms p and its 
dual *<p, i.e. 

CxV = £y¥ = £z<fi = , (7.37) 

and similarly for *ip. The last equation in 1)7.36)1 implies that the structure constants 
of t) can be identified with the singlet of H under the G2 decomposition A 3 (M 7 ) = 
A\ © Af © A| 7 , where 

Al = {r <p\ r G R} , 

A 3 7 = {*(ipAa)\a G A 1 (R 7 )} , 

A 3 27 = {ae A 3 (R 7 )\ a A <p = 0, a A-kip = 0} = {s e S 2 (R 7 )\ tr(s) = 0} . (7.38) 

In addition the seven-dimensional component of H in the above decomposition is iden- 
tified with the exterior derivative of the dilaton. 

7.1.4 The solution of the Killing spinor equations 

The space of supersymmetric backgrounds with G 2 invariant spinors is (locally) a princi- 
pal bundle P equipped with a connection I. To see this, we again assume that the algebra 
f) spanned by the vector fields 12 X, Y and Z closes under Lie brackets and consider a Lie 
group TC with Lie algebra f). Then the spacetime M = P(H, B, n), where the base space 
B is the space of orbits of 7i in M and 7r is the projection of P onto B. It remains to 
determine the connection A. This is identified with the components of the frame e along 
the X, Y and Z directions, i.e. 

X a = e a . (7.39) 

One can immediately see that A satisfies the requirements of a connection, i.e. A a (X{,) = 
e a (X b ) = 5 a b where {X b , b = +, -1} = {X, Y, Z}, and C Xb X a = H a bc X c , where H abc are 
interpreted as the structure constants of f). The latter is the infinitesimal expression 
of the requirement that R*X = Ad g -i\, g G TC, of a principal bundle connection, see 
e.g. 45] . Then the tangent bundle decomposes into the vertical and horizonal subspaces, 
TM = TP = T V P © T h P, where T V P is spanned by the vector field X, Y and Z and 
T h P is (locally) spanned by the dual vector fields of the e l components of the frame 
because A a (ej) = g MN e a M £iN = 0. 

To determine the Cartan structure equations for this connection, we use the condi- 
tions (T7T3oT) to write (TQ3)) as 

Qa,bc — \H a bc = , £\ a b = , Q a ,bi = , Q] a j = , Q(i,j)a = , 

12 These vector fields do not have fixed points because they are V-parallel and so they cannot vanish. 
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^ = 0, nl,« = 0, (7.40) 

where the restriction to the seven- dimensional representation is referred to the i, j indices. 
These in turn give rise to the torsion free conditions 

de a + VL b * c e b A e c + fy^e* A e j = , 
dj + Qj^eP A e k + Q^e" A e j + %V A e a = . (7.41) 

The first torsion free condition rewritten in terms of H can be interpreted as the Cartan 
structure equation for the connection A. In particular, we have 

d\ a - ^H a bc X b A A c — -ifV* Ae 3 =0. (7.42) 

Since the curvature T of a principal bundle connection Z is identified with the horizontal 
part of dl, we find that 

T a = -H^e* A e j . (7.43) 

In addition the condition (|7.36|) . part of which can also be written as H^ - = 0, implies 
that the curvature T a is that of a g 2 type of instanton on B with gauge Lie algebra 
s[(2,R) or u(l) © u(l) © u(l). In terms of these principal bundle data, the metric ds 2 
and torsion H of spacetime can be written as 

ds 2 = Vab X a \ b + 7r*ds 2 
H = ^ Vab X a AdX b + ^ Vab X a A^ b + 7T*H , (7.44) 

where ds 2 and if is a metric and a three- form on B and horizontally lifted to P with it, 
respectively. 

It remains to determine the geometry of the base space B of the principal bundle. 
B is equipped with a metric ds 2 = Sije l e^\B and a three-form H which is the horizontal 
part of H. Note that dH ^ 0. In addition it is equipped with a GVinvariant three-form 

<p such that (p = TT*if. This is because ip is horizontal and C a ip = 0. Furthermore V<^ = 
which follows from Vy? = 0. Therefore B is a Riemannian manifold equipped with a 

metric connection with skew-symmetric torsion and hol(V) C G 2 and thus admits a 
(^-structure. It has been shown in |2S1 that any seven-dimensional manifold with an 

integrable GVstructure admits a unique metric connection V with torsion a three-form 

H = — (d<p,*{p)<p + *dip-*(8 A<3) (7-45) 
6 

such that hol(V) C G 2 , where 

= -^*(*d£A£) (7.46) 

is the Lee-form and dvol(B) = e 2 A e 3 A e 4 A e 6 A e 7 A e 8 A e 9 . An integrable GVstructure 
satisfies d*(p = —9 A -kip. In addition the third condition in ()7.36j) can be rewritten as 

6 = 2d$ (7.47) 
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and so B is conformally balanced. If f) = u(l)©u(l)©u(l), then the last condition implies 
that the singlet H 1 of H in the decomposition A 3 (IR 7 ) = © Afffi A| 7 vanishes, H 1 = 0. 
This implies that dip is orthogonal to -kip. These are precisely the manifolds with Gi- 
structures investigated in the context of supersymmetric backgrounds in j2H|. Moreover 
it can be shown that these GVstructures are conformally equivalent to cocalibrated G%- 
structures of pure W 3 type 13 . However, if f) = $1(2, R), then H 1 is identified with the 
structure constants of s((2,R) and so H 1 ^ 0. 

To summarize, the solution of the Killing spinor equations for the backgrounds that 
we have investigated above can be described as follows: The spacetime is (locally) a 
principal bundle P(H, B,n). The group 7i of the fibre has Lie algebra either u(l) © 
u(l) © u(l) or sl(2, R), and P is equipped with a connection A whose curvature T is a 
02 instanton. The base space B is a seven-dimensional manifold equipped with a metric 

connection with skew-symmetric torsion V and hol(V) C G2 and the associated G2 
structure is conformally balanced, i.e. it satisfies the conditions d-k ip = —9 A -kip and 
9 = 2d$. The metric and torsion are given by ()7.44j) . and the dilaton $ is a function of 
B. If in addition 7i is abelian, then (dp, -kip) = 0. 

Using the description of the geometry of spacetime in terms of principal bundle data, 
we can write the exterior derivative of the torsion 

dH = r] ab F a AF b + tt* dH . (7.48) 

The first term in the right-hand-side of dH can be recognized as a representative of the 
first Pontrjagin class of the principal bundle P. Therefore the non-horizontal part of H 
is the form that trivializes the first Pontrjagin class of P on the bundle space. If one 
requires that dH = 0, then the representative of the first Pontrjagin class of P should 
cancel against the contribution from the base space B. Of course if P is a globally defined 
principal bundle over B, then the condition dH = implies that the first Pontrjagin form 
is exact and therefore the first Pontrjagin class of the principal bundle should vanish. 
Observe that it is not required that dH = 0. 



7.2 Field equations 
7.2.1 Integrability conditions 

We shall demonstrate that if the Bianchi identities of H and F are satisfied, then the 
Killing spinor equations imply all the field equations. To see this, one can show that the 
integrability conditions of the Killing spinor equations imply 

E-a — E+a = , E nl = —E n \ = —\BH n i m m , 

rp rp _ 1 _nf)m rj rr_ rp 1 r rhq r> tt 

-Cai — — gC Drlxnpm > ^np — — 2 ( n nrl p)lmq 1 

rp _ __ _1 Drr __ 1 r> tt m 1, mqf>TJ_ 1 LrajDff 

■ r - J np 2 — \~ n P 2 n P m 4 n J -'- rl pmql ~r Jtp £Jil nm q\ , 

LH_ A = LH +A = LH 1A = , e LH np = BH npm m — e np m BH ffl i q 9 , 

p 2<E> T tt — o tt 1 fhq f> tt 1 mg D TT 

c ±jii n p ±jii — |_ n p 2 n ±J11 prnql 2 p nmql i 



13 The covariant derivative V(p can be decomposed into four irreducible G2 representations W\, W%, W3 
and W4 which are determined by dip and d-k (p ^| , see also 02] . So there are sixteen G2-structures on 
a seven-dimensional manifold. 
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LF_ = LF + = , e 2 *LF„ = BF_ +n + BF n / - BF nXl - e n ™BF m , 
e 2 *LFi = BF^ + i — BF\ n n — ^e nmp B F nfh p , 

L$ = \BH/ m m + \e^BH lnpm (7.49) 

and 

-BF_ii — BF_ n n , BF + u = —BF +n n , 
BF- + i — BF_ + i — BF ln n — BFi n n = , 

d 77" pp n i 1 _rapm rj it 1 i 1 ,njjm D c 1 n 

-D-T-+1 — t> r\ n + g£ ^ ±>r n pm + 6 C ti^nprn ~ U , 

p P _ 1 , p?fi op _ np _ 1 , pm p p _ 

D r n \ 2 n J-'-T—pm ; - D - r +nl 2 " J - ) - r +pm 5 

pp Dp _ 1 , pm pp___ 1 , pm d p_ _ n 

— |-rt J - >r nll 2 n pml 2 n p™l u ' 

BH_ ABC = BH +ABC = BH npl i = BE x \n l — > 

Jhpfh p 7T_ _ _ ,npm D rr _ Jhpfh p pr 

fc - D - f - z lrapm fc I - >J ^ L lnpm fc 1 - > ^lnpm ; 

Ifpmqnu DI7 p = _r>rr p 

g c J - ,±± npmq ^ ±J -nlp J - J±± nlp j 

p rr I 1 m<j p pr__ _i_ 1, rnq p rj !<r_ m y R f7 - it- m 9 R ff f| 

— \-np ~r ^fcn J - >J ^plmq i 4 fc n ^-"plmg 4 fc p ^^nrnqX 4 fc p J - > - I ^nmql u j 

-B-H" — hnp + BH n py\ — ^€p mq BH nmq i — ^ep mq BH nmq i = . (7.50) 

In the above conditions, we have not imposed the Bianchi identity Si/ of iJ. In the 
order of a' that we are working BH = dH = and so there is no contribution from the 
Bianchi identities. But in the next order up in a', the above integrability conditions are 
believed to hold but dH ^ 0. As a result some of the field equations that are derived 
in the one-loop sigma model approximation can be expressed in terms of dH. This has 
been used in jTH] to investigate heterotic backgrounds taking into account the two-loop 
and higher order corrections to the field equations. 

If we take BH = BF = 0, the integrability conditions above imply all field equations. 
In the absence of the gauge field A, the only Bianchi identity that has to be imposed is 
that of H. This has been computed in (|7.48jl . We shall explore this to give examples of 
some supersymmetric backgrounds. 

7.2.2 Examples 

As an example, let us consider the case where f) = u(l) © u(l) © u(l). Then 

A" = dx a + A a (7.51) 

and so 

ds 2 = r] ab (dx a + A a )(dx b + A b ) + <%eV , 
H = r]ab{dx a + A a ) A dA b + n*H . (7.52) 

If one requires closure of H and choose H = —i] a bA a A dA b + H B , then 

H = r] ab dx a A dA b + H B , (7.53) 

where H B is a three-form on B such that dH B = 0. Clearly dH = 0. Within a brane 
interpretation of these solutions, the connection A along the time direction is thought 
of as rotation while the remaining connections are thought of as wrapping. 
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A special case of this example is whenever the only non-vanishing rotation and wrap- 
ping is a along a null direction. In this case, the Chern-Simons form contribution van- 
ishes. Thus one can set H = Hb- Such kind of solutions have been consider before 14 in 
|47j . The metric and torsion are 

ds 2 = 2dv(du + A) + dx 2 + <%eV , 
H = 2dvAdA + H B . (7.54) 

In such a case, the base space B is a conformally balanced Riemannian manifold equipped 

with a connection V with torsion a three-form H such that hol(V) C G 2 and H is closed. 

The form of dH in (|7.48jl raises the possibility of canceling the representative of the 
first Pontrjagin class of P = M against the representatives first Pontrjagin classes of the 
tangent bundle of M and that of the gauge bundle. This will solve the generalized Bianchi 
identity of H, schematically dH ~ a'(tiR 2 — trF 2 ), where dH is given in 1)7.48)1 . As we 
have already mentioned consistency in this case requires that the two loop correction to 
the field equations should be taken into account. Nevertheless the integrability conditions 
we have derived are still valid because the gravitino, dilatino and gaugino supersymmetry 
transformations are not believed to receive corrections to this order but dH 7^ 0. A 
systematic investigation of such solutions will be given elsewhere. 

8 N=3 backgrounds 

8.1 Supersymmetry conditions 

We have shown in section |3] that the three Killing spinors can be written as 

ei = / (1 + ei234) , 

e 2 = #i(l + 61234) +^2(1 - e 12 u) , 

e 3 = hi(l + e 123 4) + ih 2 (l - e 12U ) + ih 3 (ei2 + e u ) , (8.1) 

where /, gi, g 2 ,hi,h 2 , h 3 are spacetime functions. 

Using the results we have derived for backgrounds with two supersymmetries, we can 
write the gravitino Killing spinor equation of £3 as 

hidAlogfaf- 1 )^ + ei 234 ) + ih 2 d A \og(h 2 g 2 1 )(l - e 12U ) 

+id A h 3 (e 12 + e u ) + ih 3 V A (e 12 + e u ) = 0. (8.2) 

Evaluating this equation along 1 and ei234, we find that 

hid A log(/ii/ _1 ) + ih 2 d \og{h 2 g^) - ih 3 (l AA2 - ih 3 Cl AM = , 

h x d A \ogihJ- 1 ) - ih 2 d \og(h 2 g^) + ih 3 (l A ^ 2 + ih 3 (l AM = , (8.3) 

14 Our current results correct some of the fractions of supersymmetry that have appeared in |47) . 
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and using (|6.4j) and (|6.7j) . we get 

^log^r 1 ) = o, 

^log^r 1 ) = 0. (8.4) 
The remaining conditions of the gravitino Killing spinor equations on e% are 

d A logh 3 + ~Cl A „ + = , (8.5) 

^A,ll + ^A,22 — ^A,33 ~ ^A,44 = , (8.6) 

&A, +a = , (8.7) 

^A,42 — — ^A,13 ) (8-8) 

^A,32 = ^A,14 • (8-9) 

The dilatino Killing spinor equation for €3 implies the conditions 



<9+$ = , 

1111 
= -H 2 u + 2^221 - 2^331 - ~ 2^ + ~ l ' 

c?2$ = #134 + 2^112 _ 2"^ 352 _ 2"^ 432 _ 2^ + ~ 5 ' 
^3$ = -# 4l2 - - 2^113 _ 2^3 + 2"^ 435 ~~ 2 H+ ~* ' 

9j$ = #312 — 2 -^114 ~~ 2"^ 2 24 + 2"^ 3 34 ~~ 2^+~ 4 ' 
#+11 + #+22 — #+33 — #+44 — , 
#+34 = — #+12 ? 
#+42 = — #+13 ) 

#+32 = #+14 • (8.10) 

Combining the above results with the conditions we have derived for the first two Killing 
spinors 6%, e 2 , in section l6~TT the gravitino Killing spinor equations implies the conditions 



9a log (g r f x ) 



d A log / + -Cl A _+ = , 


(8.11) 


= d A \og(h p f- 1 )=0, r = l,2 p= 1,2,3, 


(8.12) 


0^ = 0, a, (3= 1,2,3,4 , 


(8.13) 


^A,a,5 — , 


(8.14) 


^A,ll + ^A,22 — , 


(8.15) 


^A,33 + ^A,44 — , 


(8.16) 


^A,42 — — ^A,13 > 


(8.17) 


^A,32 — ^A,14 > 


(8.18) 
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and the dilatino Killing spinor gives 



9+$ = , 


(8.19) 


dl® - ~2^u + 2^221 - 2#+-i ' 


(8.20) 


^2^ — ^#134 + —Hxi2 — —H + _2 ? 


(8.21) 


111 


(8.22) 




(8.23) 


-"a/37 ~~ u ' 


(8.24) 


-"234 + -"331 + -"441 — U , 


(o.Zo) 


— -"134 ~r -"332 + -"442 — u > 


(8.2b) 


TT i TJ 1 IT / k 

-"412 T -"113 + -"223 — u ? 


(8.27) 


TT i TT i TT C\ 

- -"312 + -"114 + -"224 = U , 


(8.28) 


#+a/3 — , 


(8.29) 


#+ii + H +2 2 = , 


(8.30) 


#+33 + #+44 = , 


(8.31) 


#+42 = — #+13 ) 


(8.32) 


#+32 = #+14 • 


(8.33) 



It remains to investigate the geometric properties of N = 3 backgrounds which are 
implied by the above conditions. 

8.2 Geometry 

8.2.1 The holonomy of V connection 

As we have explained in previous cases, the holonomy of V is contained in the stability 
subgroup of the Killing spinors in Spin(9, 1), which in this case is Sp(2) x R 8 . This can 
be seen explicitly in the gauge where the spacetime functions /, g r and h p in the Killing 
spinors are constant. It is clear from the supersymmetry conditions ()8.12j) that for this 
it suffices to find a gauge Spin(9, 1) transformation to set / = 1. As in previous cases, 
this gauge can be attained with a Spin(9, 1) gauge transformation in the direction r 5- 
In this gauge, ()8.11|) implies that £Ia,-+ = and so with (|8.13|) . we have 

&a,+b = . (8.34) 

Then the remaining conditions of the gravitino Killing spinor equations imply that the 
connection V takes values in Bp (2) © s R 8 and so the holonomy of the connection is 
contained in Sp{2) x R 8 . Moreover, we can set e\ = 1 + ei234, 62 = «(1 — 61234) and 
63 = i(e±2 + 634) using a constant GL(3, R) transformation. This is in agreement with the 
general arguments we have presented in section l4~Tl Conversely, if hol(V) C Sp(2) x R 8 , 
then there are three parallel spinors which solve the gravitino Killing spinor equation. 
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8.2.2 Spacetime forms and the geometry of spacetime 

We have shown that in the gauge / = 1 the Killing spinors can be chosen as e\ = l+ei234, 
e 2 = i(l — 61234) and £3 = i(e±2 + 634). The spacetime form bilinears associated with 
the spinors (ei, ei), (ei, e 2 ) and (e 2 , e 2 ) have already been computed in previous sections. 
After an additional normalization of the spinors with 1 / y/2, we find the non- vanishing 
spacetime form bilinears of the pairs (ei, €3), (e 2 , £3), (63, 63) are the one-forms 

K (e 3 ,e 3 ) = e°-e 5 , (8.35) 

the three-forms 

f(ei,e 3 ) = (e°-e 5 )A^, 

£(e 2 ,e 3 ) = -(e°-e 5 )A^, (8.36) 

and the five-forms 

r(ei,e 3 ) = -(e° - e 5 ) A wj A uj , 
r(e 2 ,e 3 ) = -(e° - e 5 ) A wj A u K , 

r(e 3 ,e 3 ) = -(e° - e 5 ) A [4 Re (e 1 A e 2 A e 3 A e 4 ) + -Co A Co) , (8.37) 
where we have set ui = u, 

ojj = e 1 A e 2 + e 1 A e 2 + e 3 A e 4 + e 3 A e 4 , 

co K = i^e 1 Ae 2 - e 1 A e 2 + e 3 A e 4 - e 3 A e 4 ) , (8.38) 

and 

to = i( e x A e 1 + e 2 A e 2 - e 3 A e 3 - e 4 A e 4 ) . (8.39) 

The forms u)j, uj and ujk are the familiar two-forms that appear on manifolds with 
an Sp(2)-structure and I, J and K are the associated endomorphisms. The two-form 
uj does not have an invariant meaning but it is necessary to write the five-form of the 
Spin(7) k IR 8 -structure associated with the spinor 7/3. 

As in all the previous null supersymmetric backgrounds, the one-form k = e~ is 
associated with a null parallel vector field X. In addition the conditions ()8.29|) - (j8.32)) of 
the dilatino Killing spinor equations imply that ixH takes values in sp(2) © s M 8 . This 
in turn implies that X leaves invariant the Sp(2) x Restructure of the spacetime, i.e. 

C x a = , (8.40) 

where a are all the form bilinears constructed from the parallel spinors. 

8.2.3 Solution of the Killing spinor equations 

The solution of the Killing spinor equations in this case is similar to that of the SU(4) ixIR 8 
case. This is because the conditions conditions that we get for Sp(2) x R 8 are those of 
S77(4) ix R 8 but with respect to each J, J and K endomorphisms. 
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The supersymmetry conditions that arise from the gravitino and dilatino Killing 
spinor equations can be decomposed in representations of sp(2). This is easily done 
using sp(2) = 5o(5) but we shall not pursue this here because of the similarity of this 
case with that of SU(A) tx R 8 . For example, the conditions that arise from the dilatino 
Killing spinor equation can be written as 

9+$ = , 29i$ - = (0/); = (6j)i = (e K )i , 

H +il (s i m ± i(i r y m )(v n ± i{i r y n ) = o , 

H ijk {8 i m ±i{I r ) i m ){^ n ±i{I r y n ){8^±i{I r )\)=Q, (8.41) 

where 6j, 8j and 9k are the Lee forms of the endomorphisms /, J and K, see (I6.22J) . 
(I r , r = 1,2,3) = (I,J,K), and i,j,k,l,m,n = 1,2,3,4,6,7,8,9. The last three condi- 
tions are the vanishing of the (3,0) and (0,3) components of H with respect to /, J and 
K. 

The gravitino Killing spinor equation implies that k is parallel and so ixH = dn. 
In addition V A{^i)ij = V A(&j)ij = V a^k)^ = and so the torsion can be expressed 
in terms of the geometry and the form spinor bilinears and u>k- The expressions 

are those that we have given for SU (4) x R 8 (J6.24j) but with respect to each of the /, J 
and K endomorphisms. The only component of the torsion that it is not specified is 
where the ten-dimensional representation is the adjoint representation of sp(2). 
The metric and torsion can be written in a way similar to that of S'L r (4) k R 8 in (|6~2"oT) . 

8.2.4 Special coordinates and a deformation family 

As in the Spin(7) ix R 8 and SU(4) x R 8 cases before, one can introduce coordinates 
adapted to the parallel vector field X, X = d/du, and write the metric as in ()6.27j) . The 
analysis of the construction is similar to the cases we have already investigated and so 
we shall not pursue this further here. For example, one can introduce a frame (e~, e + , e % ) 
adapted to the special coordinates mentioned above as in ()5.23|) . 

The spacetime also admits three pairs of integrable distributions, one pair for each 
of the endomorphisms /, J and K. This is similar to the SU(4) K R 8 case which we have 
shown to admit one pair of integrable distributions with respect to the endomorphism 
I. 

The spacetime again has an interpretation as a two parameter family of an eight- 
dimensional manifold B with an Sp(2)-structure. Again for this, one has to introduce 
a frame (E~,E + ,E l ) as in (|5.31|) . where (E + ,E~) are chosen to define an integrable 
distribution of codimension eight with typical leaf B. There are two cases to consider. If 
the null vector has non-vanishing rotation then, although B admits an Sp(2)-structure, it 

is not compatible with the induced connection V with torsion. The details are similar to 
those of the Spin(7) x M 8 and SU(4) K R 8 cases, we have already investigated. However, 
if the rotation of X vanishes, then the above data are compatible, i.e. B is a hyper- 
complex manifold and all the complex structures are parallel with respect to the induced 

connection V with torsion. The conditions of the dilatino Killing spinor equation ()8.41|) 
also imply that B is conformally balanced. Therefore B is a conformally balanced HKT 
manifold. The geometric properties of such manifolds have been extensively investigated 
in the literature, see e.g. [311311111201. 
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8.2.5 Field Equations 

The integrability conditions of the Killing spinor equations imply that if the Bianchi 
identities of H and F are satisfied, BH = 0, BF = 0, then all the field equations are 

satisfied provided that E = 0, LH_ A = and LF_ = 0. This may have been expected 

because these models are special cases of those with Spin(7) x M 8 - and S77(4) ix M 8 - 
invariant spinors. Examples of backgrounds with Sp(2) x M 8 -invariant Killing spinors 
have been given in, e.g. 14*9*]. 

9 N = 4 backgrounds 

9.1 Backgrounds with 5'f/(3)-invariant spinors 

As we have explained, without loss of generality the Killing spinors can be chosen as 
ei = l + ei234, e 2 = i(l - ei234) , e 3 = (e 15 + e 2 34s) , Q = «(eis - e 2 34s) • (9.1) 

Substituting these into the gravitino Killing spinor equation, one finds that the connec- 
tion V takes values in su(3), i.e. 

— h — ^4,-1 = &>A,+1 — ^A,U = ^A,n n — &>A,np = , 

tt A _ n = Cl Ai+n = tt AM = tt A - ln = , rn,n,p, ... = 2,3,4. (9.2) 
In addition, the dilatino Killing spinor equation implies the conditions 

<9 + $ = <9_$ = <9i$ = di<f> = , 

^$ - iiV = > ( 9 - 3 ) 

+ -ff+n" = , -ff + „p = , H + i n = , 

H_n — H- n n = , H_ np = , = , 

H\ n p H n p m , 

i/i n n + H_ +i = , = , H nlI + H_ +n = . (9.4) 

It remains to investigate the restrictions on the geometry of spacetime imposed by the 
above conditions. 

9.2 Spinor bilinears, backgrounds with four isometries and su- 
persymmetry conditions 

The conditions ()9.2j) imply that the holonomy of the connection V is contained in SU(3), 
hol(V) C SU(3). The form bilinears of the first two Killing spinors have already been 
computed in the context of supersymmetric backgrounds with SU(4) x IR 8 -invariant 
spinors, and the form bilinears of the first and the third Killing spinor have already been 
computed in the context of supersymmetric backgrounds with G^-invariant spinors. The 
remaining spinor pairs give the one-forms 

«(ei,e 4 ) = -K(e 2 ,e 3 ) = -e 6 , /c(e 2 , e 4 ) = -e 1 , 
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«(e 3 ,e 3 ) = /t(e 4 , e 4 ) = e° + e 5 , (9.5) 



the three-forms 



£(ei,e 4 ) = e° A e 5 A e 6 - Im(x) - e 1 A , 

£(e 2 ,e 3 ) = -e° A e 5 A e 6 - Im(x) + e 1 Aw , 

£(e 2 , e 4 ) = -e° A e 1 A e 5 - Re(x) + e 6 A a) , 

£(e 3 ,e 4 ) = (e° + e 5 ) A (e 1 Ae 6 + w) , (9.6) 



and the five-forms 



r(ei,e 4 ) = e° A e 5 A Im(x) + e 1 A e 6 A Re(x) + -e 6 A £ A Co - Co A e° A e 1 A e 5 , 

r(e 2 , e 3 ) = e° A e 5 A Im(x) + e 1 A e 6 A Re(x) - -e 6 A A w + A e° A e 1 A e 5 , 

r(e 2 , e 4 ) = e° A e 5 A Re(x) — e 1 A e 6 A Im(x) + \e l A Co A w - A e° A e 5 A e 6 , 

r(e 3 ,e 3 ) = (e° + e 5 ) A [— e 1 A Re(x) — e 6 A Im(x) — -Co A Co — Co A e 1 A e 6 ] , 
r(e 3 , e 4 ) = (e° + e 5 ) A [e 1 A Im( X ) - e 6 A Re(x)] , 

r(e 4 , e 4 ) = -(e° + e 5 ) A [-e 1 A Re(x) - e 6 A Im(x) + -Co A Co + Co A e 1 A e 6 ] . (9.7) 

2 

As we have explained all the form bilinears of the parallel spinors are parallel with 
respect to the V connection. In particular, the one-forms e~, e + , e 1 and e 1 are V- 
parallel. Let us denote with X, Y, Z and Z the associated vector fields, respectively. In 
general, the vector space spanned by X, Y, Z and Z is not closed under Lie brackets. 
To see this recall that commutator of two vector field, say X, Y, is given by ixiyH and 

the supersymmetry conditions do not imply that the component H ^ of H vanishes, 

and similarly for the other vector fields. This is reminiscent to the situation we have 
encountered in the backgrounds with G 2 -invariant Killing spinors. Again there are many 
possibilities ranging from requiring X, Y, Z and Z to commute to taking the spacetime 
to be a non-abelian Lorentzian Lie group. We shall not investigate all cases, instead we 
shall require that the vector space f) spanned by X, Y, Z and Z closes under Lie brackets, 
i.e. that f) is a Lie algebra. This in particular implies that 

H abn = 0, a,6 = +,-,l,l, n = 2,3,4. (9.8) 

Observe that some of these conditions are already implied by the dilatino Killing spinor 
equation. The remaining non-vanishing commutators of the vector fields are uncon- 
strained by the conditions of the dilatino Killing spinor equation and so they can span 
any four- dimensional Lorentzian Lie algebra. The conditions from the gravitino and 
dilatino Killing spinor equations in the case where f) is a Lie algebra can be summarized 
as 

^A,ab = ^A,n = ^A,an = ^A,np = , (9.9) 

and 

<9 a $ = , d n $ - hi- n v = 
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H m np Habn H anp , 3I ^ a ^bcd ^H ap P , (9.10) 

respectively, where e = — ie~ A e + A e 1 A e 1 . The above supersymmetry conditions have 
been written in apparent representations of so(3, 1) ©su(3). 

We have explained that H a bn = is required by the closure of the Lie brackets of the 
vector fields. The condition H anp = implies that 

£ x u) = 0, C Y oo = 0, C z u = 0, £ 2 u} = 0. (9.11) 

However, unlike the Gi case, X, Y, Z and Z do not always preserve the S77(3)-structure. 
This is because from the last condition of the dilatino Killing spinor equations the com- 
ponents H a k k of the torsion are not required to vanish, unless f) is abelian. In particular, 
we find that 



£ Xa X = H an n x, (9.12) 

where X a = (X, Y, Z, Z). Thus the parallel vector fields do not preserve the holomorphic 
volume form of the S77(3)-structure. 



9.2.1 Solution of the Killing spinor equations 

As for the supersymmetric backgrounds with G^-invariant spinors, the spacetime M 
of backgrounds with S'L r (3)-invariant spinors can be interpreted as a principal bundle 
M = P(TC, B, 7r) equipped with a connection A, where H is a Lorentzian group with 
Lie algebra f) spanned by the four parallel vector fields, B is the space of orbits of Ti 
in M = P, and 7r is the projection of the principal bundle. The various formulae we 
have found in (|7.1.4j) can be extended to the SU(3) case we are investigating here. In 
particular, the connection on the principal bundle can again be chosen as X a = e a , where 
now a = +, — , 1, 1. 

Combining the conditions of the gravitino and dilatino Killing spinor equations, we 
find that the Levi-Civita connection of the spacetime satisfies the conditions, 

Qn,ab = , 2Q[ a ^ bc ] = H abc , Qa°bc = 5 

on n tt n bed tt oq n rr n on (f, 

^ i4 a,n "on 3! bed j ^ i 'p,n -°pn z ' u p^ i 

^a,bn , Qn,pa , 2,^lfi a p Hf% a p , 
^n,pm , 2f2fj )?Tt g Hfi m q , Qa,np , (9.13) 

which we have expressed in terms of so(3, 1) ©su(3) representations. Some of above con- 
ditions can also be seen as expressing the flux H in terms of the Levi-Civita connection. 
As we shall see H is determined from the spinor bi-linears. Using the relations fl9.13|) . 
the torsion free conditions of the frame e A can be written as 

de a = hl\ c e h A e c + H\ p e n A e p , 

de n = -Q a n p e a Ae p + ^H n pa e p A e a - Q p n m e p A e m 

- n p n m e p Ae" 1 - n p n m e p A e m . (9.14) 
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In terms of principal bundle data, the first torsion free condition above can be inter- 
preted as the Cartan structure equation for the connection A, i.e. 

d\ a — ^H a bc X b A A c — -H a ije i Ae j = , i, j, k, I = 2, 3, 4, 7, 8, 9 , (9.15) 
and so the curvature of A is 

T a — -H a i je i A e 3 . (9.16) 

In addition the condition ()9.10|) implies that the curvature T a satisfies the Donaldson 
condition. Note that T takes values in u(3) rather than in su(3) because if f) is not 
abelian, the complex trace of T does not vanish. The torsion H of spacetime can be 
written as in (J7.44|) . Therefore the metric and torsion of spacetime in terms of principal 
bundle data can be written as 

ds 2 = r] ab X a \ b + 5 ij e i e j 
H = ^ Vab \ a Ad\ b + ^ Vab \ a AF b + 7r*H (9.17) 

where if is a three form of the base space B horizontally lifted to P. 

It remains to investigate the geometry of the base space B. The Riemannian manifold 
B is equipped with a metric ds 2 and a three form H such that n* ds 2 = b^e^ . Therefore, 

one can define a metric connection VonB with skew-symmetric torsion. In addition B 
is equipped with a two-form Q such that Cj = ty*Cj. This follows from the property of Cj 

to be invariant under 7i. The two-form to is parallel with respect to V. This follows from 
Vu> = 0. The associated almost complex structure I of the pair (ds 2 ,Cj) is integrable. 
This follows from the fact that H is (2,1) and (1,2) with respect to /. Therefore B is 
a KT manifold which is conformally balanced. The latter condition follows from the 
second equation in the conditions that arise from the dilatino Killing spinor equation in 
()9.10jh i.e. the Lee form can be written as 9 = 2ci$, where 

= -*(*dtDAa>) , (9.18) 

and dvol(B) = e 2 A e 3 A e 4 A e 7 A e 8 A e 9 . It is well-known that for such manifolds the 
torsion three-form is uniquely determined in terms of the complex structure and the 
metric as 

H = —ijdu = *du — *(6 A Cj) . (9.19) 

It remains to find whether B has a compatible 5'[/(3)-structure. There are two cases to 
consider depending on whether or not 7i is abelian. 

First suppose that 7i is abelian, then H an n = and therefore x is invariant under 
H. In such a case B admits a compatible S , f/(3)-structure, i.e. there is a (3,0)-form x 

on B such that it is parallel with respect to V. Thus hol(V) C SU(3). Therefore B is a 
conformally balanced KT manifold with a compatible S'L r (3)-structure. An analysis of 
the geometry of these manifolds in terms of G-structures can be found in II lj . The 
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covariant derivatives Vcl> and Vx can be decomposed in terms of five irreducible SU(3) 
representations as in the case of eight-dimensional manifolds with S"?7(4)-structures that 
we have already described. Since B is complex W\ = W2 = 0. In addition W4 and W5, 
which can be represented by the Lee forms 9% = 9 given in (j9.18J) and 

^Rc X = ~ * {*dRex A Rex), (9.20) 

respectively, are related as 

0a = 0Rcx = 2rf$ . (9.21) 

Next suppose that 7i is not abelian. There are three distinct four-dimensional non- 
abelian Lorentzian Lie algebras. This is because the structure constants of such Lie 
algebra are dual to a vector in four-dimensional Minkowski space. Since the generators 
of the Lie algebra are determined up to a Lorentz transformation, there are three types 
of Lie algebras depending on whether the vector is timelike, spacelike or null. These are 
isomorphic to R ffisw(2), 5/(2, M) © u(l) or so(2) © s ^(K), respectively, where f) 2 is the 
Heisenberg algebra of dimension three. In this case, x is n °t invariant under H.. As a 
result although there still exists a x on B which horizontally lifts to x, x is a section of 
A 3 ' ® L, where L = Px p Cisa line bundle over B associated to the principal bundle P. 
The representation 15 p is induced from (|9.12|) . Therefore x is a tensorial form of degree 
three associated with the representation p in the terminology of (15]. The structure that 
it is associated with such a form is reminiscent of a Spm c -structure and so we shall 
say that B admits an S{7 c (3)-structure but not an SU(3) one as one might have been 
expecting. Therefore B is a conformally balanced KT manifold. The geometry of these 
manifolds can also be examined using the Gray-Hervella classes (221- It turns out that 
W\ = W2 = 0, because B is complex, and W4 which is represented by the Lee form 6 
defined in ffinSjl . 

To examine some other aspects of the geometry of spacetime, we consider the one- 
forms {e n ,e n }, {e n ,e 1 ,e~ ,} and {e a ,e™}. These span integrable distributions of co- 
dimensions four, five and three, respectively 16 . The first distribution is associated with 
the principal bundle structure of the spacetime which we have already investigated. The 
second distribution implies that the space admits a certain Lorentzian complex structure, 
i.e. the spacetime is a "Lorentzian" -ho lomorphic manifold. Observe that {e^e^e - ,} is 
also an integrable distribution. The third distribution is related to the property of B to 
be a complex manifold. 

To summarize the geometry of backgrounds with SU(3) invariant spinors, we have 
found that the spacetime is (locally) a principal bundle M = P(H, B, 7r) equipped with 
a connection A. The fibre is a four- dimensional Lorentzian Lie group and the curvature 
T of the connection A satisfies the Donaldson condition. The geometry of the base space 
B depends on whether or not 7i is abelian. If 7i is abelian, then the base space B is a 
balanced KT manifold with an S'[/(3)-structure. If 7i is not abelian, then B is a balanced 
KT manifold equipped with a bundle L associated to P and a section x of A 3 ' © L. The 

15 We assume that p is not trivial. If it is trivial, then the analysis reduces to that of the abelian case. 
16 There are other integrable distributions, i.e. the one spanned by the one-forms {e n }. 
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metric and torsion of spacetime in terms of principal bundle data are given in ([9. 17)1 . 
and the dilaton $ is a function of B. 

As in the G2 case, one can compute dH to find 

dH = r] ab T a A T h + ir* dH . (9.22) 

The first term in the right-hand-side of dH is a representative of the first Pontrjagin 
class of the principal bundle P. If one requires that dH = 0, then the representative 
of the first Pontrjagin class of P must cancel against a form on B. Of course if P is a 
globally defined principal bundle over B and one imposes the condition dH = 0, then 
the first Pontrjagin form is exact and therefore the first Pontrjagin class of the principal 
bundle should vanish. 

9.2.2 Field equations and examples 

An investigation of the integrability conditions of the Killing spinor equations imply 
all the field equations are satisfied provided that one imposes the Bianchi identities 
BH = BF = 0. This may have been expected because this class of backgrounds is a 
special case of those with N = 2 supersymmetry and (^-invariant spinors. 

In the absence of a gauge field, the only Bianchi identity that has to be imposed is 
that of H which has been computed in (|9.22)1 . As an example, one can take H to be 
abelian. Then, one can write A a = dx a + A a and so we have 

ds 2 = r] ab (dx a + A a )(dx b + A b ) + c%eV , 

H = rj ab (dx a + A a ) A dA b + H' , (9.23) 

where T = dA the curvature of the connection takes values in su(3), i.e. it satisfies the 
Donaldson condition. If in addition we require that dH = 0, then 

H = r] ab dx a A dA b + H B (9.24) 

after choosing H' = —r] ab A a dA b + HB, where Hb is a three-form on B such that dH B = 0. 
Within a brane interpretation of these solutions, the connections A a can be thought of 
as a rotation and wrapping. 

A special case of this example is whenever the only non-vanishing rotation and wrap- 
ping is a along a null direction. In this case, the Chern-Simons form contribution van- 
ishes. Thus one can set H = H B . Such kind of solutions have been consider before in 
|47j . The metric and torsion are 

ds 2 = 2dv(du + A) + dx 2 + dy 2 + 5 ij e i e j , 
H = dv A dA + H B . (9.25) 

In such a case, the base space B is a integrable, conformally balanced strong KT Rie- 

mannian manifold such that hol(V) C SU(3) and H is closed. An example of such 
manifold was found in [5U] and has been used as gravitational dual to iV = 1 Yang- Mills 
theory in four-dimensions jHIj. The geometry of these models has been investigated in 
[7j. It is remarkable that the six-dimensional manifold is also a principal bundle. 
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9.3 Backgrounds with (SU(2) x 577(2)) k M 8 -invariant spinors 

9.3.1 Supersymmetry conditions 

As we have already explained in 14. H one can always arrange without loss of generality 
such that the Killing spinors are 

ei = l + ei234, e 2 = i(l - ei234) , e 3 = e 12 - e 34 , e 4 = z(e 12 + e 34 ) . (9.26) 

The gravitino Killing spinor equation implies that the connection V takes values in 
(su(2) © su(2)) © s M 8 , i.e. that 

^A,a/3 = &>A,np = , ^A,a = &>A,n = , 

Q At+B = =0, a,p,... = l,2, n,p,... = 3,4. (9.27) 

The conditions that arise from the dilatino Killing spinor equation are 

<9 + $ = , <9 a $ - X -Ej - = , d R $ - iflfi/ - = , (9.28) 

H a [3n H an p , -Hfia/9 Hemp , H na H an , (9.29) 

H+ a /3 = H +a a = H +np = H +n n = H +an = H +a n = . (9.30) 

It remains to investigate the restrictions on the geometry of the spacetime that are 
implied by the above conditions. 

9.3.2 Geometry, holonomy and spinor bilinears 

As in the previous null cases, the conditions that arise from the gravitino Killing spinor 
equation (l9~2"TI) imply that hol(V) C (SU(2) x SU(2)) x M 8 . To give a further insight 
into the geometry, one can compute the form bilinears of the Killing spinors. This has 
already been done for the pairs of the first three Killing spinors. Therefore, it remains 
to compute the forms of the pairs (61,64), (£2,64), (63,64) and (64,64). In particular, we 
find the one form 



K (e 4 , e 4 ) = e° - e 5 , (9.31) 



the three-forms 



£(ei,e 4 ) = -(e°-e 5 ) Alm(xi + X2) , 
£(e 2 ,e 4 ) = — (e° — e 5 ) A Re(xi + X2) , 

£(e 3 ,e 4 ) = -(e°-e 5 )A( Wl - W2 ), (9.32) 



and the five-forms 

r(e 1 ,e 4 ) = -(e° - e 5 ) A (wi A Re(x 2 ) + uj 2 A Re(xO) 
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r(e 2 ,e 4 ) = (e° - e 5 ) A (u x A Im(x 2 ) + ^2 A Im(xi)) , 
r(e 3 ,e 4 ) = — (e° — e 5 ) A Im(x* A X2) , 

r(e 4 ,e 4 ) = -(e° - e 5 ) A (Rb(xJ A X2 ) + - - cu 2 ) A - uj 2 )) , (9.33) 

where u\ = -(e 1 A e 6 + e 2 A e 7 ), cj 2 = -(e 3 A e 8 + e 4 A e 9 ), xi = (e 1 + ie 6 ) A (e 2 + ze 7 ) 
and X2 = (e 3 + ie 8 ) A (e 4 + ie 9 ). All the form bilinears a constructed from the Killing 
spinors are parallel with respect to the connection V, 

Va = . (9.34) 

Moreover as expected, ()9.30|) implies that i x H takes values in (su(2) © su(2)) © s M 8 , 
where X is the associated parallel vector field to k. This in turn gives that 

C x a = , (9.35) 

where again a stands for any form Killing spinor bilinear. Since X is Killing, C X H = 
(dH = 0) and = 0, X leaves all the geometry of spacetime including the (SU(2) x 
SU(2)) k Restructure invariant. 

9.3.3 Solution of the Killing spinor equations 

The solution of the Killing spinor equations is similar to that of the SU(4) x M 8 case. 
The supersymmetry conditions of both the gravitino and dilatino Killing spinor equations 
have been decomposed in terms of SU(2) x SU(2) representations in an apparent way. 
The minimal set of covariantly constant forms that characterizes the conditions ()9.27|) 
that arise from the gravitino Killing spinor equation are 

k = e~ , f j = e" A u)i , O = e" A uj , £1 = e~ A Xi , 6 = e - A % 2 ■ (9.36) 

where 

luj = ui + uj 2 , to j = uj\ — uj 2 . (9.37) 

In particular, if we denote the forms (J9.36)) collectively with /3, then the conditions that 
arise from the gravitino Killing spinor equation are equivalent to 

V(3 = . (9.38) 

Note that the endomorphisms /, J of the tangent bundle of the spacetime commute, 
i.e. I J = JI. The forms (u;i,xi) and (cj 2 ,x 2 ) are associated with an SU(2) x SU(2)- 
structure. 

The conditions ()9.29|) imply that if is a (2,1) and (1,2) form with respect to both 
I and J, i.e. the (3,0) and (0,3) components with respect to both J, J vanish. The last 
two conditions in (|9.28|) can be rewritten as 

2<9 a $ = (0O Q , 2<9 n $ = (9 2 ) n , (9.39) 
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where 6\ and # 2 are the Lee forms of the endomorphisms I\ and J 2 associated with 
u>i and u>2, respectively, see (jti.22j) . The conditions ()9.30j) imply that H +i j, i,j = 
1, 2, 3, 4, 6, 7, 8, 9 takes values in su(2) © su(2). 

The supersymmetry conditions can be solved for the fluxes. It is easy to see that 
the expressions for H_ a p and H a ^, and H_ np and H nm q can be given as in ()6.24|) but 
now with respect to the endomorphisms I\ and I2 associated to the forms u)\ and cj 2 , 
respectively. Similarly H_ a a and H_ n n can be expressed as in ()6.25j) but now with 
respect to xi an d X2, respectively. Therefore all H fluxes are determined in terms of the 
spinor bilinears and the metric of spacetime apart from the component H®^ which takes 
values in su(2) © su(2). The metric and torsion of the spacetime can be written as 

ds 2 = 2e~e + + 25 a0 e a eP + 25 mn e m e n 

H = e + AdK- [i(/ 1 ) m i V_(a; 1 ) wi + ^(J 2 ) m i V_(o; 2 ) mj + (Ii) m i V_(o; 2 ) mj 

+ (J 2 ) m ,V„K) m ,]e- A j A e? - J Im((xi) Q/3 V_(xi) a/3 ) e A Ul 

o 

- i lm((x2) mn V-(x2) mn )e- Au 2 + ^#V~ A e l A e J 

+ gj^o-Jfce* A e J A e fc , (9.40) 

where i, j, k, I = 1, 2, 3, 4, 6, 7, 8, 9, if^ is determined in terms of u>i, u>2, h and J 2 as has 
been explained above. 



9.3.4 Local coordinates, distributions and a deformation family 

One can adapt coordinates along the null parallel vector field X and write the metric 
of the spacetime as in (|5.22j) . Then one can adapt a frame (e~, e + , e Q , e a , e n , e n ) in a 
way similar to that in (J5.23|) . The spacetime admits various integrable distributions. 
Apart from the distributions of co-dimension five spanned by (e~,e°,e n ) and (e~,e a ,e n ) 
which are analogues to those of the ST/ (4) x R 8 backgrounds, there are also integrable 
distributions of codimension three spanned by (e~, e a , e n , e n ) and (e~, e a , e 13 , e n ). This 
can be easily seen using the torsion free conditions of the frame (e~, e + , e Q , e a , e n , e n ). 

The spacetime has the interpretation as a two parameter family of an eight-dimensional 
manifold with an SU(2) xS , f/(2)-structure. This is done by adapting a frame (E~ , E + , E l ) 
similar to that in (j5.31|) . The one-forms (E~,E + ) span a codimension eight integrable 
distribution with leaves the eight-dimensional manifold B. There are two cases to con- 
sider. In the generic case, and in particular if the rotation of the null vector field does 
not vanish, dn = de~ 7^ 0, B admits an SU(2) x S'?7(2)-structure which is not compatible 

with the induced connection V with torsion H = H\b- The explanation for this has been 
presented in detail for the Spin(7) x M 8 case and it will not be repeated here. However, 
if dn = de~ = 0, then B admits an SU{2) x S'f/(2)-structure which is compatible with 

the induced connection V. In such a case, B is a conformally balanced eight-dimensional 
manifold equipped with (i) metric connection V with torsion given by a three-form H, 
(ii) two commuting complex structures / and J, I J = JI, which are the restrictions of 

J, J, such that W = VJ = and (iii) hol(V) C SU(2) x 577(2). The manifold B is 
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conformally balanced because the Lee forms satisfy Of — Oj — 2d$ as required by the 
super symmetry conditions of the dilatino Killing spinor equation (J9.28)) . Note that B 
admits an integrable product structure II = IJ, i.e. II 2 = 1. The geometry of B can 
be also analyzed using G-structures but this is very similar to the SU{n) cases we have 
already examined and we shall not pursue this further here. 

The geometric properties of manifolds equipped with two commuting complex struc- 
tures compatible with a metric connection with torsion have been investigated before 
in the physics literature in the context of sigma models with (2,2) worldvolume super- 
symmetry PU 0] . In particular, special coordinates have been introduced and the local 
expression for the metric has been given. In addition the simultaneous integrability prop- 
erties of the complex structures and the product structure have been examined in detail. 
As in the previews null cases, the integrability conditions of the Killing spinor imply that 
all field equations are satisfied provided that the Bianchi identities are imposed and one 
requires that E = 0, LH_a = and LF_ = 0. 

10 N = 8 backgrounds 

10.1 Backgrounds with 5'?7(2)-invariant spinors 
10.1.1 Supersymmetry conditions 

One can choose without loss of generality the Killing spinors, see section 14.11 as 

ei = 1 + ei234 , £2 = «(1 - ei234) , e 3 = e 12 - e 34 , e 4 = i(e 12 + e 34 ) , 

£5 = ei 5 + e 23 45 , ee = K e i5 ~ e 234s) , ^ = e 5 2 + ei 345 , e 8 = i(e 52 - e 1U5 ) . (10.1) 

Substituting them in to the gravitino Killing spinor equation, one finds that the connec- 
tion V takes values in su(2), i.e. 

^A,+a = ^A,-a = — h = ^A,a(3 = ^A,af3 = ^A,an = ^A,an = , 
&A,+n = ClA-n = , (l A ,np = = , a, /3 = 1, 2 , 71, p = 3, 4 . (10.2) 

Similarly, the conditions that arise from the dilatino Killing spinor equation equation 
are 

<9 + $ = <9_$ = d Q $ = , d n $ - ^iV = , 
Hap 13 + H^ +a = , H an n = , H~ +n = , 

H a f3n H an p , H na j3 Hjynp , H na p , H na , 
H- n n = , ff-tm = , H-fip = , H- afi = , H_ 12 = , H_ 1 i = H_ 22 , 
H+a/3 = , H +a a = , H +np = , H +n n = , H +an = , H +an = (.10.3) 

We shall next investigate the restrictions that these conditions above impose on the 
geometry of spacetime. 
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10.1.2 Geometry and form bilinears 

The gravitino Killing spinor equation implies that the holonomy of V is contained in 
SU(2), hol(V) C SU(2). Several of the Killing spinor form bilinears have been computed 
in previous cases. The remaining pairs can also easily be computed. This is because we 
have found the form spinor bilinears of all possible types of spinors, see IA.2.61 As a 
result, the forms of the remaining pairs are given from those we have computed already 
by an appropriately relabeling of indices. However, we shall not explicitly give the result 
because it is not particularly enlightening. 

All the forms that arise form the Killing spinor bilinears are parallel with respect to 
V. A basis in the ring of parallel forms is e~, e + , e 1 , e 6 , e 2 , e 7 , uj 2 and \2i where 

uj 2 = -( e 3 Ae 8 + e 4 A e 9 ) , X2 = (e 3 + ^e 8 ) A (e 4 + ie 9 ) . (10.4) 

In particular this implies that the one-forms e~, e + , e Q , e a , e a = 4j(e a + ie 5+a ), are paral- 
lel and so the associated vectors fields X, Y, Z a , Z a are Killing. Unlike the cases of back- 
grounds with G 2 - and S , f/(3)-invariant spinors, the vector space f) = Span(X, Y, Z a , Z&) 
closes under Lie brackets. This is a consequence of the conditions of the dilatino Killing 
spinor equations and in particular the vanishing of the components 

Habn = , a, b = +,-,«, a, n = 3,4 (10.5) 

of the NS®NS three-form field strength. The Lie algebra f) is not arbitrary but rather 
constrained by supersymmetry. In particular, the structure constants satisfy the condi- 
tions 

Ha/3 13 + H- + a = , H_i2 = , H_x% = H^ 2 2 > 

H +a p = 0, H +a a = 0, a, (3 =1,2, (10.6) 

of the dilatino Killing spinor equation. Observe that the structure constants of Sl(2, R) x 
SU(2) whose lie algebras are spanned by sZ(2, R) = R < e_,e + ,ei = -^(ei + ei) > and 
su{2) = R < e 2 ,e2,e 6 = j^( e l — e i) > satisfy these conditions provided one identifies 
their structure constants as in the first condition of ()10.6j) . The remaining conditions of 
the dilatino Killing spinor equation, apart from those involving the dilaton, imply that 

C x ^2 = , C Y ^2 = , C Za uj 2 = , C z& uj2 = , (10.7) 

and 

CxX2 = 0, £ Y X2 = 0, C ZaX 2 = 0, C Z , X 2 = 0. (10.8) 

The conditions involving the dilaton imply that $ is invariant under the action of f) on 
the spacetime and that <9 n $ is related to the torsion H. 

The conditions on the geometry of supersymmetric backgrounds with SU(2) invariant 
spinors can be summarized as follows: The gravitino Killing spinor equation gives 

tt A ,ab = , (Ia a b = , Q A ,n P = , Q A ,n n = , a = -, +, a, a , (10.9) 
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and the dilatino Killing spinor equation gives 

1 
2 



<9 a $ = , <9 n $ - -H n / = 



H a np , H an , H nab 
+ H- +Si = , H_i2 = , 

H-n = #- 2 2 , H +a(3 = , H +a a = . (10.10) 

This concludes the discussion of the supersymmetry conditions. 

Combining the conditions of the gravitino and dilatino Killing spinor equations, we 
find that the Levi-Civita connection of the spacetime satisfies the conditions, 

Qk,ab = , 2f2[ a)6c ] = H abc , = , 

2^a,n H an , 1VLp n Hp n 20p<$> , 

^a,bn , Qn,pa , 2f2n a p Hfi a p , 

^n,pm , 2,Vlfi m q Hf im q , ^a,pn , (10.11) 

which we have expressed in terms of so(5, 1) © su(2) representations. Some of above 
conditions can been seen as expressing the flux H in terms of the Levi-Civita connection. 
In this case, we shall show that H is determined by the metric and the form spinor 
bilinears. 



10.1.3 Solution of the Killing spinor equations 

As for the supersymmetric backgrounds with G2- and S'?7(3)-invariant spinors, the space- 
time M of backgrounds with S"?7(2)-invariant spinors can be interpreted as a principal 
bundle M = P(H, B, 7r) equipped with a connection A, where TL is a Lorentzian group 
with Lie algebra f} spanned by the six parallel vector fields and tt is the projection of the 
principal bundle. Unlike the G 2 and SU(3) cases, the group H is not arbitrary but its 
structure constants satisfy the ()10.6|) . The connection is A a = e a . The Cartan structure 
equations for A can be found by considering the torsion free conditions of the frame. 
Using the relations ()10.9p and (jl0.10|) . the torsion free conditions of the frame e A can be 
written as 

de a = ^H a bc e b A e c + H a np e n A e p , 

de n = -ft a ,V a A eP + \ Hn P aZ P A e a - n p n m e p A e m 

- a p ; n rne p Ae™- ft p , n m e p A e m . (10.12) 

The first condition is interpreted as the Cartan structure equation and so the curvature 
of the connection A is 

T\i = \H a n, i,j = 3,4,8,9. (10.13) 

The conditions (|10.10|) imply that T a is self-dual, i.e. it takes values in the su(2) C 50 (4). 
The metric of the spacetime and the torsion H in terms of principal bundle data can be 
written as 

ds 2 = Vab X a X b + <%eV , 
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H = ^ Vab X a A d\ b + ^ Vab X a A J= h + n*H 



(10.14) 



It remains to investigate the geometry of the four-dimensional base space B. As in the 
G 2 and SU (3) cases, the base space B is a Riemannian manifold equipped with a metric 

ds 2 and a three-form H, and so with a metric connection V with three-form torsion. In 
addition, since both oj 2 and \2 are invariant under TC, the base space B is also equipped 

with two two-form uj 2 and \2- Both uj 2 and \2 are parallel with respect to V. The 
almost complex structure / associated with the pair (ds 2 , uj 2 ) is integrable, and x is (2,0) 
with respect /. Therefore, B is a conformally balanced HKT manifold. The conformal 
balance condition follows from the second equation in ()10.10|) and 9 = 2rf$, where 9 is 
the Lee form of u 2 defined as in ([6.22)1 . 

As in the SU(3) case, the spacetime admits various distributions spanned by the 
one-forms {e n ,e n }, {e n , e~, e 1 , e 2 } and {e a ,e n }. These are integrable distributions of co- 
dimensions six, five and two, respectively. The first integrable distribution is that of the 
principal bundle structure that we have already investigated. To show that {e n , e~, e 1 , e 2 } 
span an integrable distribution, one also needs the conditions ()1U.6|) on the structure 
constants H a \, c imposed by supersymmetry. Note that there is another co-dimension five 
distribution spanned by the one-forms {e™, e + , e 1 , e 2 }. Both codimension five distribu- 
tions imply that the spacetime admits a certain "Lorentzian" complex structure, i.e. M 
is a "Lorentzian-holomorphic" space, in two different ways. The distribution spanned 
by {e a ,e k } is related to the property of B to be a complex manifold. 

To summarize the geometry of supersymmetric backgrounds with SU (2)-invariant 
spinors, we have found that the spacetime is a principal bundle P(TC, B, n) equipped 
with a connection A. The structure constants of the six-dimensional group Ji are con- 
strained by ()10.6|) . The curvature of A is a self-dual two-form. The base space is a four- 
dimensional, conformally balanced HKT manifold. The metric and torsion are given in 
()10.14|) and the dilaton $ is a function of B. 

10.1.4 Field equations and examples 

The integrability conditions of the Killing spinor equations imply that all field equations 
are satisfied provided that BH = BF = as in the previous cases with compact stability 
subgroups. In addition, one can show that dH = T A T + 71* dH. This expression is 
similar to those in the G 2 and SU(3) cases. If T~C is abelian, it is straightforward to 
introduce coordinates and write explicit expressions for the metric and torsion. Since we 
have done this for the 5*^7(3) case and the analysis is very similar, we shall not repeat the 
various formulae here. One can also easily construct the examples with non-vanishing 
null rotation which have also been considered in |17j. An example of a background with 
S"?7(2)-invariant spinors and eight supersymmetries is the NS5-brane jH]. 
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10.2 Backgrounds with JR-invariant spinors 

10.2.1 Supersymmetry conditions 

As we have already explained, the Killing spinors can be chosen as 

ei = 1 + ei234 , e 2 = i{\ - ei 234 ) , e 3 = e 12 - e 34 , e 4 = i(e 12 + e 34 ) , 

e5 = ei 3 + e 2 4, e 6 = i(e 13 - e 24 ) , e 7 = e 23 - e M , e 8 = z(e 23 + e u ) . (10.15) 

Observe that the above spinors can also be thought of as spanning the real chiral represen- 
tation Ag of Spin(8). The gravitino Killing spinor equation implies that the connection 
V takes values in M 8 , i.e. that 

Cl A)ij = , Q A+B = 0, i, j = 1,2,3,4 ,6,7,8,9 (10.16) 

i.e. the only non- vanishing components of the connection are VIa-i- The dilatino Killing 
spinor equation in addition implies that 

<9+$ = , d& - hi- +i = , 

H ijk = , H +ij = . (10.17) 
We shall next investigate the conditions on the geometry of spacetime. 

10.2.2 Solution of the Killing spinor equations 

It is clear from (J10.16)) that the connection Cl takes values in M 8 and so hol(V) C M 8 . 
The forms of the Killing spinor bilinears can be written as 

a = e"A0, 0eA ev+ (M 8 ), (10.18) 

where A ev+ (JR 8 ) = A°(JR 8 ) © A 2 (M 8 ) © A 4+ (M 8 ) and A 4+ (M 8 ) denotes the subspace of self- 
dual four-forms and M 8 = K < e 1 , . . . , e 4 , e 6 , . . . , e 9 >. As in the previous cases, the last 
condition in ()10.16|) implies that k = e~ is a parallel null one-form associated with a 
Killing vector field X. In addition the last condition in ()10.17|) implies that X preserves 
the Restructure, i.e. 

C x a = 0, (10.19) 

where a is any form Killing spinor bilinear. 

The only non- vanishing components of H are H_ij and H ^. Unlike previous K K 

R 8 cases, H is determined in terms of the Levi-Civita connection and the dilaton. In 
particular, the conditions of the dilatino Killing spinor equation (|10.17|) express H_ +i 
in terms of $ and the condition = of the gravitino Killing spinor equation 

gives H_ij = 2f2_ jj. One can also adapt coordinates along the parallel vector field X, 
X = d/du, and write the metric and torsion as 

ds 2 = 2(dv + midy I )(du + Vdv + njdy 1 ) + 'jjjdy^y' 7 
H = e + A dK + J]_ ye~ Ae ! A e j . (10.20) 
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Next consider the torsion free conditions for the frame (e~, e + , e*) which we can introduce 
as in (|5.2H|) . In particular, the torsion free conditions for e~ and e % imply that there are 
functions m = m(v,y) and e l = e l (v,y) such that 

mi = dm , jj = dje\v, y) . (10.21) 

In addition since dn = dm, we have from the dilatino Killing spinor equation that 

o»j(2$ + d v m) - 2m I d v $ = . (10.22) 

If the rotation of X does not vanish, dn = de~ ^ 0, it is not apparent that there is 
a diffeomorphism which preserves the form of the metric in ()10.20j) and transforms the 
"transverse" metric Judy 1 ' dy J to that of flat space. However if dn = de~ = 0, the dilaton 
$ = $(t> ), and one can perform the diffeomorphism u = u,v = v and y % = e l {v, y 1 ) which 
preserves the form of the metric in ()10.20|) and transforms the transverse part of the 
metric to that of flat space. In such a case, the solution of the Killing spinor equations 
can be written as 

ds 2 = 2dv(du + Vdv + riidy 1 ) + 5ijdy l dy^ , 
H = tt_ :tj dv A dy l A dy j , $ = . (10.23) 

As in all previous K x M 8 cases, the spacetime can be interpreted as a two parameter 
family of an eight-dimensional manifold. This can be done by introducing a frame 
(E~,E + ,E l ) as in (|5.Hlj) . If the rotation of X does not vanish, dn ^ 0, then the 
deformed submanifold B although it admits a {l}-structure it is not compatible with 

the induced V connection. However, if the rotation vanishes, then B is locally isomorphic 
to M 8 as we have shown in (jl0.23j) . 

10.2.3 Field equations and examples 

One can show using the integrability conditions of the Killing spinor equations that 
the only field equations that need to be imposed in addition to the Bianchi identities 
BH = 0,BF = are E__ = 0, LH_ A = and LF_ = 0. This is similar to all the 
previous K >< R 8 backgrounds as might have been expected. 

An example of a background with M 8 -invariant spinors and N = 8 supersymmetries 
is that of the fundamental string solution of [52!. The non- vanishing fields are 

ds 2 = 2h~ l dxdy + ds 2 (R s ) , 
H = -dx A dy A dbT x , 

e 2 * = h- 1 , (10.24) 

where h is a harmonic function on M 8 . To see this, one performs the coordinate trans- 
formation 

u = x , v = h~ l y , (10.25) 

and the metric and torsion can be rewritten as 

ds 2 = 2(dv + vh^dfydu + ds 2 (M 8 ) , 
H = h" x du Adv Adh = duA d^vh^dh) . (10.26) 

Setting e~ = dv + vh~ 1 dh and e + = du, the metric and torsion have the form of ()10.20|) . 
In particular observe that ()10.22J) is satisfied. 
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11 Parallelizable string backgrounds 



As we have mentioned in the introduction, if the Killing spinors have stability subgroup 
{1}, then the background is parallelizable with respect to the V connection, i.e. R = 0. 
In addition the gauge connection is flat, i.e. F — 0. In this section, we shall show that 
backgrounds for with R = are group manifolds provided that H is closed at the 0- 
th order in a'. For this, we write the expression for the R curvature in terms of the 
Riemannian curvature R as 

I i \ \ 

Rmn,rs — Rmn,rs — 2^ mHnrs + -j^J nHmrs + -^H RML H NS — -H RNL H MS (H-l) 

where M, N, . . . = 0, . . . , 9 are coordinate indices. Skew-symmetrizing in all four indices 
and using dH = 0, we find that 

rL 



H L[MN H L RS ] = (11.2) 



which can be rewritten as 



Hlm[nH L rs] = . (11.3) 

Skew-symmetrizing (jll.l|) in the N, R, S indices, we get that 

- V M H NRS + V [N H RS]M = (11.4) 

which together with the closure of H gives 

V M H NRS = . (11.5) 

Therefore the spacetime admits a parallel three-form which satisfies the Jacobi iden- 
tity and so the spacetime is a ten-dimensional Lorentzian group manifold. Of course 
Lorentzian group manifolds admit sixteen parallel spinors with respect to the V which 
can be identified with the left-invariant connection. In addition if we demand that the 
parallel spinors are also Killing, then the background is maximally supersymmetric and 
so the spacetime is locally isometric to Minkowski space [541 . 

The field equations impose additional conditions on backgrounds for which R = 0. 
In particular, we find that the gravitino and two-form gauge potential field equations 
imply that 

V A /0jv$ = O (11.6) 

and 

d M $g MN H NRS = . (11.7) 
In the case that $ is constant, the dilatino Killing spinor equation becomes 

H MNR T MNR e = . (11.8) 

This gives, after using the Jacobi equation, that 

H MNR H MNR = 0. (11.9) 
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Therefore H is null. Since H is null, the spacetime admits at least eight Killing spinors. 

Next let us turn to the case that $ is not constant. In such case, (lll.fij) implies that 
X M = g MN dN§ is parallel. There are two cases to consider, either X 2 = 0, i.e. X is 
null, or X 2 = const and so X is either timelike or spacelike. In both cases, using (jll.7j) 
and the Jacobi identity for H, we find that the dilatino Killing spinor equation implies 
that 

X M X M - ±H MNR H MNR = . (11.10) 

Therefore if X is null, then H is also null and the spacetime admits at least eight Killing 
spinors which satisfy (i$e = 0. If X is time-like, the condition (jll.7|) . also written as 
ixH = 0, implies that H is spacelike H 2 > and so (jll.lOj) cannot be satisfied. There 
are no parallelizable supersymmetric backgrounds, R = 0, for which the dilaton can be 
identified with a time coordinate on the spacetime. The only remaining possibility is 
X space-like. Such supersymmetric backgrounds are known to exist like for example 
M 5 ' 1 x U(l) x SU(2). The dilaton is identified with the coordinate along the space-like 
U{\) direction. 

12 Common sector of type II supergravities 
12.1 Supersymmetric backgrounds 

The Killing spinor equations of the common sector of type II supergravities are 

V ± e ± = 0, 

(T M d M <S> T ^T MNP H MNP )e ± = 0, (12.1) 

where V = V ± \H and e± are Majorana-Weyl spinors of the same (IIB) or opposite 
(IIA) chiralities. The field equations are the same as those of the metric and NS®NS 
two-form gauge potential of the heterotic string. In addition, dH = 0. 

The Killing spinor equations of the common sector resemble those of the gravitino 
and dilatino of the heterotic supergravity. Observe for example that V + = V. The com- 
mon sector of type II supergravities is a consistent truncation of type II supergravities. 
Therefore it can be thought as a special case of eleven-dimensional and IIB supergrav- 
ities. Because of this, we shall not investigate the Killing spinor equations in detail. 
Instead, we shall focus on some properties of the common sector supersymmetric back- 
grounds that follow from those of the supersymmetric backgrounds of the heterotic string 
that we have presented. In particular, we shall examine the common sector of IIB super- 
gravity in which case e± are both positive chirality spinors. It is worth mentioning that 
the supersymmetric configurations of the common sector of IIA supergravity should be 
treated separately from those of IIB supergravity because there are several differences. 
To mention one, the spinors 1 + eu34 and e\ — of IIA supergravity have stability 
subgroup G2 x in Spin(9, 1). As we have seen IIB supergravity does not admit spinors 
with stability subgroup G2 x M 8 . Therefore, it is expected that some of the geometries 
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that appear in the common sector IIA supergravity are different from those that appear 
in IIB. 

The relevant spinor bundle of the IIB common sector is S + © S + and the gravitino 
Killing spinor equation is a parallel transport equation for the connection V + © V~. 
Thus the gravitino Killing spinor equations are associated with a Spin{9, 1) x Spin(9, 1) 
connection. However, the gauge group that preserves the Killing spinor equations is the 
same as in the heterotic case, i.e. it is Spin(9, 1). This is the main difference between the 
Killing spinor equations of the common sector and those of the heterotic string. Because 
the gauge group is the proper diagonal subgroup of Spin(9, 1) x Spin(9, 1), it has many 
more orbits in the space of spinors than those of the heterotic string. As a result there 
are many more cases to consider. 

The Killing spinors e of the common sector can be written as r]i © 7? 2 . To proceed, 
let G + and G~ be the stability subgroups of the parallel spinors 77 © and © 77, 
respectively, and G be the stability subgroup of all parallel spinors, G C G + n G~ . 
It is again the case that the holonomy of the V ± connections should be a subgroup 
of the stability subgroups G ± of the parallel spinors, i.e. ho^V 11 ") C G ± . The general 
strategy to analyze the supersymmetric backgrounds of the common sector is to first 
choose the parallel spinors of the type 77 © as in the heterotic case and then use the 
residual gauge symmetry G + to simplify the Killing spinors of the type © 77, or vice 
versa. Without loss of generality, we may choose the Killing spinors e © as those of 
the heterotic supergravity. If one requires that there are parallel spinors with stability 
subgroup G + = {1} or G~ = {1}, then either the curvature R + = or R~ =0. In 
such a case, the spacetime is a metric Lorentzian group. This follows from the results of 
the previous section. If both G + = G~ = {1}, then the Riemann curvature of the Levi- 
Civita connection vanishes, R = 0, and the spacetime is locally isometric to Minkowski 
space. 

On the other hand, if either V + or V - does not admit parallel spinors, then the 
analysis of the common sector reduces to that of the heterotic string for the connection 
with torsion that admits parallel spinors. In this case the heterotic supersymmetric 
backgrounds are "embedded" in the common sector. 

It turns out that many common sector supersymmetric backgrounds admit a Killing 
spinor of the type spinor e = 77 © 77, i.e. 77 is parallel with respect to both V + and V~ 
connections. If this is the case, then 77 is also parallel with respect to the Levi-Civita 
connection. In particular, the Killing spinor equations imply that that 

V77 = , H ABC T BC V = , 

T A d A <5>ri = . (12.2) 

The last condition follows from the dilatino Killing spinor equations. Since the stability 
subgroup of a single spinor in Spin{9, 1) is Spin{7) x K 8 , G + = G~ = G = Spin{7) x R 8 . 
So, hol(V) C Spin(7) x M 8 , i.e. the holonomy of the Levi-Civita connection is contained 
in Spin(7) x M 8 . Furthermore, the gauge symmetry of the Killing spinor equations can 
be used to set e = 1 + ei 2 34- As a result, one can use the results of N — 1 heterotic string 
backgrounds to show that 
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Ha+B = , HAa a = , HAaf3 = -^H- A^aP* , 

<9+$ = <9 a $ = , a, = 1,2,3,4 . (12.3) 

These imply that hol(V) C Spin(7) X M 8 , as we have already mentioned, H-ij G 
and ifjjfc = 0. The rotation of the associated null Killing vector field vanishes. As a 
result, the spacetime admits Penrose coordinates. One can also see that the Lorentzian 
deformation family is that of a Spin(7) manifold, i.e. the Levi-Civita connection of B 
has holonomy contained in Spin(7). 

Next, we shall use the general results above to investigate common sector backgrounds 
with one and two supersymmetries. For N — 1, either V + or V - admits a parallel spinor 
e. This implies that either hol(V + ) C Spin(7) x M. 8 or hol(V~) C Spin(7) x R s . Suppose 
that hol(V + ) admits the parallel spinor e. Since e is Killing by assumption, it also solves 
the dilatino Killing spinor equation. The geometry of spacetime is that described in the 
case of AT = 1 heterotic string backgrounds. The connection V™ may not admit parallel 
spinors, i.e. the holonomy of V~ is not contained in Spin(7) x R 8 . However, if it admits 
parallel spinors, they do not solve the dilatino Killing spinor equation. 

To examine backgrounds with two supersymmetries, we again use the results we have 
derived in the context of heterotic string. There are several cases to consider. In the first 
case both Killing spinors are parallel with respect to either the V + or V~ connection. 
Without loss of generality, we can assume that both spinors are parallel with respect 
to the V + connection. There are two such cases to consider with stability subgroups 
G = G + = SU(4) x R 8 and G = G + = G 2 . The geometry of the spacetime is that of 
the N = 2 heterotic string backgrounds. Next suppose that one of the Killing spinors is 
parallel with respect to the V + connection and the other is parallel with respect to the 
V~ connection. In this case G + = G~ = Spin(7) x R 8 and so the holonomy of both V 
connections is contained in Spin(7) x R 8 . The first Killing spinor can always to be chosen 
as E\ = f(l + ei 234 ). In such a case, one can show that the second Killing spinor can be 
chosen either as e 2 = ^(l+e^) or e 2 = ^(l + e^H^l-e^) or e 2 = #(e 15 +e 23 45)- 
The argument is similar to the one we have used for the heterotic string backgrounds 
with two supersymmetries. The case for which both Killing spinors point to the same 
direction has already been investigated above and the supersymmetry conditions have 
been summarized in (|12.3|) . The supersymmetry conditions for the remaining two cases 
can also be read from those of A^ = 2 heterotic string backgrounds. However for the 
second spinor, one has to alter appropriately the sign of the terms containing the flux 
H in the Killing spinor equations. The analysis is routine and we shall not present 
the results here. It is apparent though that one must consider many more cases of 
supersymmetric backgrounds in context of the common sector than those that appear in 
heterotic supergravity. In the table below we summarize the stability subgroups of the 
spinors of A^ = 2 IIB common sector backgrounds. 

The parallel forms of string theory backgrounds are associated with conserved cur- 
rents of the worldvolume action which described the propagation of (super) strings in 
such backgrounds jSH]. Thus for any of the parallel forms we have presented in the 
supersymmetric heterotic and common sector backgrounds, there is an associated con- 
served current. In particular, we have shown that all supersymmetric heterotic and 
common sector backgrounds admit at least one parallel null vector field. Without loss 
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N = 2 


G + 


G~ 


G 




5C/(4) x R 


- 


5C/(4) x R 8 








G 2 




5pm (7) x R 8 


5pm (7) x R 8 


Spin(7) x R 8 




5pm (7) x R 8 


Spin(7) x R 8 


5C/(4) x R 8 




5pm (7) k R 8 


Spin(7) x R 8 


G 2 



Table 3: There are five classes of IIB common sector backgrounds with two supersymmetries. 
These are denoted with the stability subgroups G + , G~ and G of the Killing spinors. In all 
cases holfV 1 * 1 ) C . The entries — denote the cases for which the sector associated with the 
V~ connection does not admit Killing spinors. 

of generality let V + k = 0, V + = V. Then the bosonic string with equations of motion 
V\d-Y M = 0, where Y is the embedding map of the string worldvolume into space- 
time and a ± are lightcone worldvolume coordinates, has a conserve current km9-Y m , 
d + (KMd-Y M ) = 0. Therefore km9-Y m = /(<r _ ). It is known that the bosonic string ac- 
tion is invariant under the conformal transformations 8Y M = a(a + )d + Y M + b(a~)d-Y M , 
where a, b are the infinitesimal parameters. It is easy to see that choosing f(cr~) to be 
constant, one can gauge fix the conformal transformations associated with the parameter 
b(a~). Similarly, if the one- form k,' is parallel with respect to the V~ connection, the 
current n' M d + Y M is conserved d-(K,' M d + Y M ) = and this can be used to gauge fix the 
conformal transformations associated with the infinitesimal parameter a(cr + ). 

13 Conclusions 

We have specified the geometry of the supersymmetric heterotic string backgrounds (in 
the lowest order in a') for which all the parallel spinors of the connection V with torsion 
given by the NS&NS three-form field strength are also Killing. We have also determined 
the field equations that are implied by the Killing spinor equations in all cases. We have 
found that there are two classes of backgrounds the null and timelike. The Killing spinors 
of null backgrounds are chiral which respect to a suitable Spin(8) chirality projection or 
equivalently admit a single null V-parallel vector field. The stability subgroups of the 
Killing spinors in 5pm(9, 1) are K x R 8 for K = Spin(7) (N = 1), K = 5C/(4) (N — 2), 
K = 5p(2) (N = 3), K = SU{2) x SU{2) (N = 4) and K = {1} (N = 8), where N 
denotes the number of Killing spinors. We have shown that the spacetime is a suitable 
two-parameter Lorentzian family of an eight-dimensional manifold B with a ^-structure. 

If the rotation of the null vector field vanishes, then B admits a metric connection, V 
with skew-symmetric torsion on B compatible with an integrable conformally balanced 

fT-structure on B, and so in particular hol(V) C K. 

The Killing spinors of timelike backgrounds are not chiral which respect to a suitable 
Spin(8) chirality projection or equivalently admit a time-like V-parallel vector field. The 
stability subgroups of the Killing spinors in Spin(9, 1) are G 2 (N = 2), SU(3) (N = 4), 
SU(2) (N = 8) and {1} (N=16). Assuming that the vector fields constructed from spinor 
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bilinears close under Lie brackets, we have shown that the spacetime is locally a principal 
bundle, P(7i, B, n), whose fibre directions are the orbits of the parallel vector fields and 
the base space is a manifold with a G2 (n = 7) , SU C (3) (n = 6) and SU(2) (n = 
4)-structure, respectively, where n = dimS. We have described the geometry of the 
spacetime of all supersymmetric backgrounds in terms of principal bundle data. 

We also applied some of our results to the supersymmetric configurations of the 
common sector of type II supergravities. We have found that there are some differences 
between the properties of IIA and IIB supersymmetric common sector backgrounds. 
We also determined the conditions for the common sector IIB backgrounds with two 
supersymmetries. A consequence of our results is that all supersymmetric common sector 
and heterotic string backgrounds admit a null V-parallel vector field. This may be used 
to lightcone gauge fix the (super) conformal gauge symmetry of strings propagating in 
such backgrounds. 

We have not investigated in detail the timelike backgrounds for which the set of 
the vector fields constructed from spinor bilinears does not close under Lie brackets. 
However, we have shown that the commutator vector field [X, Y] of any two V-parallel 
vectors X, Y is also V-parallel. Therefore there are several possible geometric structures 
for the spacetime ranging from a principal bundle, which we have mentioned above, to 
a Lorentzian Lie group. 

It is well-known the field equations of the heterotic string contain higher curvature 
correction terms. These modify the field equations of the supergravity theory that we 
have investigated. It has been shown in ^U] that for certain supersymmetric backgrounds 
with S'?7(3)-invariant spinors, these higher order curvature correction terms are necessary 
for consistency with the heterotic anomaly cancelation mechanism. It would be of interest 
to find whether this persists to all supersymmetric backgrounds that we have analyzed. 

Another class of supersymmetric heterotic backgrounds that we have not investigated 
are those for which the number of Killing spinors is less than the number of V-parallel 
spinors, i.e. some of the V-parallel spinors do not solve the dilatino Killing spinor equa- 
tion. It is known such supersymmetric backgrounds exist. However, the analysis we 
have done for the gravitino Killing spinor equation in this paper still applies to this class 
of models. In particular, one can determine the stability subgroup in Spin(9, 1) of the 
parallel spinors and construct the spacetime form spinor bilinears. Taking a basis in 
the space of parallel spinors one then can write the Killing spinors as e r = f r iT]i 
and substitute them in the dilatino Killing spinors equation. Using the results we have 
collected in the appendices, one can derive linear systems similar to those which have 
been found in the context of IIB supergravity [31] • These linear systems can be solved 
to find the Killing spinors of such backgrounds. 
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Appendix A Spinors and forms 



A.l Spinors from forms 

Spinors can be described in terms of forms. This construction is explained in, e.g. [H^IHH] 
and it has been used in [2H| in the context of manifolds with special holonomy. This 
description has been applied to the the Majorana-Weyl spinors of Spin(9, 1) in jSHJ. Here 
for completeness, we shall briefly summarize some of the aspects of this construction. 

Consider the Euclidean space U — R < e\, . . . , >, where ei, . . . , e$ is an orthonor- 
mal basis. The space of Dirac spinors of Spin(9, 1) is A c = A*(U <8> C). The gamma 
matrices are represented on A c as 

To?? = -e 5 A T) + e 5 j^ , T 5 i] = e 5 A rj + e 5 j?7 , 
= eiArj + eiJi], i = l,...,4 
r 5+i 77 = iti A r] - ieiJT] . (A.l) 

A c decomposes into two complex chiral representations according to the degree of the 
form A+ = A cvcn (U <g> C) and A" = A odd (U ® C). These are the complex Weyl represen- 
tations of Spin(9, 1). 

The gamma matrices {1^; i = 1, . . . , 9} are Hermitian and To is anti-Hermitian with 
respect to the inner product 

5 

< z a e a} w b e b >= ^2(z a )*w a , (A.2) 

a=l 

on [/<£) C and then extended to A c , where (z a )* is the standard complex conjugate of z a . 
The above gamma matrices satisfy the Clifford algebra relations r^r# + Tb^a — ^Vab 
with respect to the Lorentzian inner product as expected. 
A Spin(9, 1) Major ana inner product is 

B( V ,6)=<B( V *),9> , (A.3) 

where the map denoted with the same symbol B = r 6789- Observe that this Majorana 
inner product is skew-symmetric B(rj,6) = —B(6,r]). B pairs the A+ and A~ represen- 
tations. Moreover, both Ajf and A~ are Lagrangian with respect to B, i.e. B restricted 
to either A+ or A^7 vanishes. The Spin(9, 1) Dirac inner product is 

D(t 1 ,6)=<T t 1 ,6> . (A.4) 

It is well-known that Spin(9, 1) admits two inequivalent Majorana-Weyl representa- 
tions. So it remains to impose the Majorana condition on the complex Weyl representa- 
tions we have constructed above. The Majorana condition can be chosen as 

n* = -r B( v ) , (A.5) 

or equivalently 

V* = r 6 789?7 • (A.6) 
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Observe that this reality condition maps forms of even (odd)-degree to forms of even 
(odd)-degree and selects real subspaces A+ 6 and A^~ 6 in A+ and A~, respectively. These 
subspaces are the modules of the two inequivalent Majorana-Weyl representations of 
Spin(9, 1). For example 1 and ei 2 34 are complex Weyl spinors while l+ei 2 34 and il— ityi^ 
are Majorana-Weyl, i.e. real chiral spinors. 

The spacetime form bilinears associated with the spinors 77, 9. are given as 

a(r ] ,9) = ^B(r ] ,T Al ... Ak 9)e A ' A...Ae Ak , k — 0, ... ,9 . (A.7) 

If both spinors are of the same chirality, then it is sufficient to compute the forms up to 
degree k < 5. This is because the forms with degrees k > 6 are related to those with 
degrees k < 5 with a Hodge duality operation. The forms of middle dimension are either 
self-dual or anti-self-dual. If 77, 9 G A^ 6 , then the non-vanishing forms are one-forms, 
three-forms and five-forms. In particular, one finds that a(i],9) = a{9,rj) for one- and 
five-forms, and a(rj, 9) = —a(9,rj) for three-forms. 

In many computations that follow, it is convenient to use another basis in the space 
of spinors A c . This is an oscillator basis given in terms of creation and annihilation 
operators. For this, first write 

r« = i=(r Q + tv 5 ) , r± = -J=(r 5 ± r ) , r a = ^=(r a - ir a+5 ) . (A.8) 

Observe that the Clifford algebra relations in the above basis are r^r^ + T^r^ = 2g A B, 
where the non-vanishing components of the metric are g a § = 5 a p,g+^ = 1. In addition 
we define T B = g BA TA- The 1 spinor is a Clifford vacuum, r g l = r + l = and the 
representation A c can be constructed by acting on 1 with the creation operators r a , r + 
or equivalently any spinor can be written as 



5 1 



k\ 

k=0 



W...« fc r ai - a *l , a = a,+ . (A.9) 



This is another manifestation of the relation between spinors and forms. 

We conclude this section with our form conventions. A /c-form a is denoted as 
a = ■g&i 1 ...i k e n A ... A e' 4 and so the components of the exterior derivative da of a 
are da^,,,^ — (k + l)(9[ il aj 2 ...j fc+1 ]. The inner product of two A;-forms a and (5 is (cx,f3) = 
j\ a ii-i k Pj 1 ...j k g lljl ■ ■ ■ g lkjk , where g is the manifold metric. The Hodge dual *a of a /c-form 
a is defined as a A (5 = (*a, 13) <ivol, where (5 is a (n — fc)-form and dvo\ is the volume of 
the n-dimensional manifold. This gives that *ca k+1 ...i n = h a ji...jk e ^ 1 '"'' k ik+i-in- The inner 
derivation ija of a Axform a with an endomorphism / is ija = jj^y l 3 h a ji2...i k e 11 A ... A 



A. 2 Spacetime forms from spinors 

A. 2.1 The Spin(7) x M 8 - and SU(4) x M 8 -invariant spinors 

To compute the spacetime forms that are associated with the Spin(7) x R 8 - and SU (4) x 
]R 8 -invariant spinors, it is sufficient to know the spacetime forms associated with the 1 
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and ei234 spinors. This is because as we have seen 1 and ei234 span the Spin(7) ix R 8 - 
and SU(4) ix R 8 -invariant spinors. As a result, the spacetime forms associated with the 
Spin(7) ix R 8 - and SU(4) x R 8 -invariant spinors are linear combinations of the forms 
associated with the 1 and ei 2 34 spinors. Using (|A.7j) . it is easy to find that the forms 
associated with the 1 and ei234 spinors are the following: A one-form 

K(ei234, 1) = e° - e 5 , (A.10) 

a three-form 

£(ei 2 34,l) = -*(e -e 5 )A^, (A.ll) 

and five-forms 

r(l, 1) = (e° - e 5 ) A X , r(e 123 4, e 1234 ) = (e° - e 5 ) A X * , 

r(ei234,l) = --(e°-e 5 ) AujAuj , (A.12) 

where 

uj = -(e 1 A e 6 + e 2 A e 7 + e 3 A e 8 + e 4 A e 9 ) , 

x = (e 1 + ie 6 ) A (e 2 + ie 7 ) A (e 3 + ie 8 ) A (e 4 + te 9 ) . (A.13) 



A. 2. 2 The G 2 -mvariant spinors 

The G 2 invariant spinors are linear combinations of 1, ei 2 34, and e 2 345 spinors. The 
spacetime form bilinears associated with 1 and ei 2 34 have been given in the previous 
section. Here we shall compute the spacetime forms associated with the rest of the 
spinor bilinears. In particular, we have the one-forms 

e 23 45) = -e 1 - ie e , K(ei 234 , e 15 ) = -e 1 + ie 6 , 
K(e 23 45,ei 5 ) = e° + e 5 , (A.14) 

the three-forms 



where 



6(1, eis) = X, 

6(l,e 23 45) = -^(e 1 + ie 6 ) A Cj + (e 1 + ie 6 ) A e° A e 5 , 

6(ei 23 4,ei 5 ) = i(e l - ie 6 ) Au + (e 1 - ie 6 ) A e° A e 5 , 

6(ei 23 4, e 234 5) = X* , 

6(e 23 45,ei 5 ) = -i(e° + e 5 ) Auj-i(e° + e 5 ) A e 1 A e 6 , (A.15) 



w = — (e 2 A e 7 + e 3 A e 8 + e 4 A e 9 ) , 

X = (e 2 + ie 7 ) A (e 3 + ie 8 ) A (e 4 + ie 9 ) , (A.16) 



and the five-forms 

r(l,ei 5 ) = [— e° A e 5 — ie 1 A e 6 ] A x , 
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r(l,e 2 345) = (e 1 + ie 6 ) A [-u A Co + iuj A e° A e 5 ] 

T(ei234,ei 5 ) = (e 1 - ie 6 ) A [-£ A t2> - ioj A e° A e 5 ] 

r(ei 2 34, e 23 4 5 ) = [-e° A e 5 + ie 1 A e 6 ] A X * , 

r(e 23 45, e 1B ) = (e° + e 5 ) A [--£ A u - Go A e 1 A e 6 ] , 

r(e 15 ,e 15 ) = — (e° + e 5 ) A (e 1 — ie 6 ) A x , 
r(e 2 345,e 2 345) = — (e° + e 5 ) A (e 1 + ze 6 ) A x* ■ (A.17) 

A. 2. 3 The JV = 3 case 

The Sp(2) invariant spinors are linear combinations of 1, ei234, ei 2 and 634. The spinor 
bilinears of 1 and ei 2 34 have been computed already. Here, we shall give remaining forms. 
For this, let us set 

UJl = -(e 1 A e 6 + e 2 A e 7 ), u 2 = -(e 3 A e 8 + e 4 A e 9 ) , 
Xi = (e 1 + ie 6 ) A (e 2 + ie 7 ) , X2 = (e 3 + ie 8 ) A (e 4 + ie 9 ) . (A.18) 

Note that 

^ = ^+^2, X = Xi^X2- (A.19) 

Then we find, the one-forms 

K(eia, e 34 ) = K(e 34 , ei 2 ) = -(e° - e 5 ) , (A.20) 



the three-forms, 



£(ei 2 ,l) = -(e°-e 5 )A X 2, 

£(e 34 ,l) = -(e°-e 5 ) A X i , 

£(ei234,ei 2 ) = -(e°-e 5 ) A X \ , 

e(ei234,e 34 ) = -(e°-e 5 )Ax;, 

£(e 3 4,ei 2 ) = —i(e° — e 5 ) A (u>i — u%) , (A.21) 



and five-forms 



r(ei2,l) = «(e°-e 5 )AwiAx2 , 
r(e 34 , 1) = !(e°-e 5 )Aw 2 Axi , 
i~(ei2,ei23 4 ) = i(e° - e 5 ) A u 2 A xl , 
^(e 3 4,ei234) = «(e°-e 5 )AwiAx2 , 
r(e 12 ,e 12 ) = (e° - e 5 ) A X *i A X2 , 
7-(e 34 , e 34 ) = (e° - e 5 ) AxiA^, 

r(ei 2) e 34 ) = -(e° - e 5 ) A (wi - w 2 ) A (c^ - cj 2 ) . (A.22) 
A. 2.4 N = A, 31/(3) 

The relevant spinors are linear combinations of 1, ei23 4 , eis and 62345. The associated 
spacetime forms are given in section (|A.2.2|) . 
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A. 2. 5 N = 4, (SU(2) x SU(2)) x K 8 

We need to consider linear combinations of 1, ei 2 34, e 12 and e 34 . The spacetime forms 
are given in section ()A.2.3|) . 

A. 2. 6 N = 8,SU(2) 

The S77(2)-invariant Majorana-Weyl spinors are linear combinations of 1, ei234, ei2, 634, 
eis, e25 62345 and ei 34 5. There are five types of spinors that occur in A^ 6 . These are 

1 , ei234 , eij , e i5 , e ijk5 , i,j,k = 1,2,3,4 . (A. 23) 

We have already computed form bilinears of examples of all types. Because of this, one 
can compute the form spinor bilinears of the remaining pairs by appropriately relabelling 
the indices of the forms of the pairs we have already computed. We have done the 
computation but the result is not enlightening. Because of this we shall not explicitly 
list all the forms. 



Appendix B A linear system 

In order to systematically solve the Killing spinor equations, we determine the action of 
the supercovariant derivative on the five types of spinors (jA.23|) and expand the results 
in the basis (jA.9|) . This is similar to the calculation of IIB-supergravity and M-theory in 
[3T| . We use the following conventions for the indices: A, B, C G {+, — , 1, .., 4, 1, .., 4}, 
a, (3 G {1, ..,4} and k, l,m,n G {1, ..,4} with the restriction k, l,m,n 7^ a, (3. The Greek 
indices are not subject to the sum convention. In particular, we find 



-n A , BC T BC l = l - (Q A / + fU,_+) 1 + ^Q AM T M 1 + l - 



f^c^ n r m »i i n r+r' m "i 

Ti'A.BC 1 61234 — — o"A,fe«e mni J- + 77T"A,+fce Ifhn 1 1 1 

4 o z4 

+ - — h — &A,k k ) ei 234 , (B.2) 



-^A,BC^ BC e a/3 — — ^A,a/?1 + AM^^ 



+ - (&A,aa + &A,P(3 + &A,k k + &A-+ j r"T^l 

+ Ul AM Y k Yh - Ul A ^Y k Yn 

+ ±n A+ - k T + T k T*h , (B.3) 
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^Q A:BC r BC r + n = 2n A: _ a i + l - (n A / + ti AAa - ti A ^ r+r a i 



n A _- k r k n - n Aak r + r k i + ^n^-r+r*!*! , (b.4) 



1 " BC " 1 " k ~l~ 

-^>A,BcF T r a ei234 = — ^A,-aGl23A — ^^A,ak^ almT m l 

- in^HC * 1 * r+r*i - In^e^r^i . (b.5) 

A similar analysis for the dilatino equation yields 



d A ®T A -^H ABC T ABC ^l = (d k $ + ±H- k l l + ±H + _-^rh 

+ (d + * - l -H +k k ^ r+i - - A H + - kI r + Y k h 

- l/z^r^i, (B.6) 



d A <$>T A - -^H ABC T ABC \ e 1234 = l -H klm e klm n T n l 



+ (d + $ + r + e 12 34 

+ ^ + + 2^+-*) ^W^i 

+ ^ +w e fc, ftfl r + r* fi l , (B.7) 



(d A $T A - ±H ABC r ABC ^j e aP = -^H +k je kI ^T + e 12U + H +a ^ + l + H- ka ^ k l 



+ (<9 Q $ - - 1 -hJ + r*i 

+ l - (d- k Q + l -H aSlk + l -H m - l -H kl l + \H + ^ T k T*Th 

- ±H akI r E Th + ±H p - kl r M n 

+ ^H +ak T + T k ^l - l -H +fk T + T k T^l , (B.8) 
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d A ®T A - ±H ABC T ABC ^J T+r^l = l -H klih e kl ^Y + e l2M + 2H_ ak T k l 

+ (2d^-H_ aa -H_ k k )Tn 

+ (-2d a $ + H ak k + H + _ a )r + l 

+ (da* + l -H a ^ - ±H + _~ k + l -H lk ^ T + T*Th 

+ l -H ak f? + T M l - l -H_ k ^T M l , (B.9) 



d A ^T A -^H AB cT AB Ar + T a e 12 34 = Ud^ + ^H^ a + ^ k k )e a kM T km l 



1234 



+ ^-^eW^i + ±H klm e klma r + i . (b. 

The above expressions can be used to construct the linear systems for those backgrounds 
for which not all parallel spinors are Killing. We have also used the above equations to 
determine the conditions on the geometry of spacetime for the supersymmetric back- 
grounds we have examined. 
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